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Figure 1: Illustration of the polynomial barrier functions (left) as
well as its first order derivative with varying d̂ (right).

1. Constraints

In this section, we provide a detailed formulation of the poten-
tial energy Ψξ associated with each bond ξ. To facilitate a uni-
fied framework for modeling joints, contact, and friction, we clas-
sify constraints into two categories: soft kinematic constraints and
hard kinematic constraints, drawing inspiration from Macklin et
al. [MEM∗19].

1.1. Soft Kinematic Constraints

To impose soft kinematic constraints, such as those modeled by a
spring, a quadratic energy potential is defined based on the con-
straint function and a stiffness parameter κ

Ψso f t (d) =
1
2

κC2(d : l). (1)

where l represents the rest length, and C(d : l) = d − l denotes
the distance constraint [MHHR07]. Consequently, the positive and
negative components are given by:

ϕso f t
+ (d)
d

= κ, ϕ
−
so f t (d) =−κl. (2)

1.2. Hard Kinematic Constraints

Similarly, to impose hard kinematic constraints—such as gluing
two points from different bodies—a straightforward approach is
to apply D’Alembert’s principle [MEM∗19] or perform a change
of variables [CLL∗22]. To integrate effectively with SISSM, we
adopt the barrier method to handle both hard inequality and bilat-
eral constraints. Inspired by Li et al. [LFS∗20], the hard kinematic
constraint potential can possibly be formulated as

Ψhard (d) = κB(d) , (3)

where the barrier function B(·) used in Li et al. [LFS∗20] is defined
as

B(d) =

{︄
−(d − d̂)2 log( d

d̂
), 0 < d < d̂

0, d ≥ d̂
. (4)

Here, d̂ denotes a clamping threshold used to strictly prevent in-
terpenetration. In real-time applications, prioritizing stability takes
precedence, and minor interpenetration is generally deemed accept-
able. The primary concern revolves around devising efficient mech-
anisms to swiftly rectify the interpenetration state without compro-
mising the simulation’s stability. Given that the barrier function em-
ployed in IPC becomes ineffective when the distance, denoted as d,
is less than or equal to zero (d ≤ 0), we opt for utilizing an approx-
imate polynomial function. The log barrier function can be repre-
sented as an infinite sum of terms, each expressed in relation to the
function’s derivatives. By neglecting terms with odd exponents, the
approximate polynomial function is defined as

BN(d) =

⎧⎪⎨⎪⎩
N

∑
n=1

1
n

(︃
1− d

d̂

)︃n

, 0 < d < d̂

0 , d ≥ d̂

, (5)

where N is the highest order. The positive and negative components
are derived from the binomial theorem:

ϕ
+
hard
d

=
1
d2

⌊N/2⌋

∑
n=1

(︃
N
2n

)︃(︃
d
d̂

)︃2n

ϕ
−
hard =− 1

d

⌊N/2⌋

∑
n=1

(︃
N

2n−1

)︃(︃
d
d̂

)︃2n−1
(6)
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where ⌊N/2⌋ denotes the largest integer value not greater than N/2,(︃
N
2n

)︃
and

(︃
N

2n−1

)︃
represent binomial coefficients. Note

that the denominators d2 and d can be canceled, implying that both
functions are smooth across the boundary at d = 0.

2. Joint Formulations

A joint is commonly defined as a set of constraints that limits the
relative motion between two bodies. To constrain both the relative
translation and rotation, a direct approach is to formulate a joint
by defining all constraints as a combination of either position or
rotation constraints. However, since ABD employs a linear affine
transform for rotation, it is more convenient for us to specify po-
sition constraints rather than rotation constraints for joints. Conse-
quently, we convert all rotation constraints into equivalent position
constraints.

Figure 2: Illustration of three lower pairs: slider, hinge and spher-
ical joints.

Given that the majority of joints employed in practical applica-
tions can be effectively modeled as so-called lower pairs [Bau11],
our focus centers on three types of joints: the spherical, hinge, and
slider joints.

2.1. Spherical Joint

To model an unconstrained spherical joint, a straightforward dis-
tance constraint is employed to connect two points from different
objects

C0(d : 0) = ∥yi0 −y j0∥= 0, (7)
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Figure 3: Spherical.

where the constraint length l is set
to zero. If we would like to impose
additional rotational constraints, we
should first glue yi0 and y j0 to-
gether, and then introduce more dis-
tance constraints to restrict the rota-
tion. For simplicity, let us consider
a two-dimensional case for example,
and the purpose is to restrict the ro-
tation angle between body i and j to be θ. We first calculate a new
point yi1 on body i,

yi1 = yi0 +Rir1, (8)

and then calculate the other new point y j1 from body j as follows

y j1 = y j0 +R(θ)R jr1, (9)

where R is the rotation matrix. Thus, a spherical joint characterized

by a joint angle of θ can be realized by employing the constraint
presented in Eq. 7 in conjunction with the subsequent constraint

C1(d : 0) = ∥yi1 −y j1∥= 0. (10)

In a three-dimensional space, to constrain all rotational DOFs,
typically three distance constraints are sufficient—one for each
axis. However, we observed that when a distance constraint is ap-
plied only on one side of yi0(or y j0), it could possibly lead to an
asymmetric motion. Our solution is to employ two distance con-
straints for each rotational DOF, with one on each side but equidis-
tant from yi(y j). The introduction of redundant constraints not only
aids in stabilizing spherical joints but also enhances the stability of
hinge and slider joints.

2.2. Hinge Joint

An unconstrained hinge joint is modeled with two distance con-
straints along the rotation axis.

C1(d : 0) =
⃦⃦

yi1 −y j1
⃦⃦
= 0, C2(d : 0) =

⃦⃦
yi2 −y j2

⃦⃦
= 0 (11)

To constrain the rotation angle, we select a new point y′i from body
i as

yi0 =
yi1 +yi2

2
+Rir0, (12)

and calculate the other point from body j as

y j0 =
y j1 +y j2

2
+R(θ|a)R jr0, (13)

where a is the rotation axis, θ is the rotation angle.

2.3. Slider Joint
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Figure 4: Slider.

A slider joint only allows rela-
tive translation between two bod-
ies along a slider axis. We es-
tablish a slider joint utilizing two
pairs of points, namely, (yi1,y j1)
and (yi2,y j2), akin to the hinge
joint. In the course of sliding, it
is imperative to dynamically gen-
erate two distance constraints to
confine the relative translation along the slider axis. The dynami-
cally created points on body i is simply defined as

y′i1 = yi1, y′i2 = yi2, (14)

while the points on body j is calculated as the following projection

y′j1 = y j1 +λn j

y′j2 = y j2 +λn j
, (15)

where yi0 is the middle point yi1yi2 and y′j0 presents its projection
on line y j1y j2, n j is the direction of line y j1y j2, λ represents the
offset distance of y′j0 from y j0 whose value can also be manually
controlled.

A slider joint that allows both relative translation and twisting
between two bodies is simply implemented by imposing the fol-
lowing two constraints

C1(d : 0) =
⃦⃦

y′i1 −y′j1
⃦⃦
= 0, C2(d : 0) =

⃦⃦
y′i2 −y′j2

⃦⃦
= 0. (16)
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To further limit the twisting angle, supplementary constraints can
be imposed, akin to those employed in Eq. 12 and 13.

3. Contact and Friction

Similar to the original IPC formulation, each affine body is mod-
eled with a thickness of d̂, as illustrated in Figure 5. At the be-
ginning of each simulation step, a discrete collision detection al-
gorithm identifies contact pairs, with each contact point located on
the affine body surface. For each contact pair, we model the contact
potential using the hard BN(d), where d is defined to be the signed
distance along the contact normal of affine body i

d =
(︁
y j −yi

)︁
·ni. (17)

Note that y j − yi is initially aligned with the contact normal ni.
However, as the state of the affine body is updated during each it-
eration, the direction of y j − yi may deviate from ni. To avoid the
computational cost of performing collision detection at every itera-
tion, we continue to use the contact pairs identified at the beginning
of each simulation step. The projection of y j onto the normal vec-
tor is then used as the constraint point for affine body j, denoted as
y⊥j in Figure 5.
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Figure 5: Illustrate of a contact pair. Left: y⊥j represents the pro-

jection of yi on the normal direction; Right: y∥j represents the pro-
jection of yi on the tangential direction.

We adopt the method proposed by Müller et al. [MMC∗20] to
model static friction. Specifically, we compute the relative motion
between the contact pair along both the normal and tangential di-
rections, given by ∥y⊥j − yi∥ and ∥y∥j − yi∥, respectively. If the

tangential motion satisfies the condition ∥y∥j −yi∥ < µs∥y⊥j −yi∥,
where µs is the static friction coefficient, we enforce a distance con-
straint to set ∥y∥j −yi∥= 0.

4. Convergence

To evaluate whether the local projection perturbs the contact or
joint configurations in the previous global step, we set up two boxes
in Figure 6 and select a contact pair with an initial interpentraiton
depth of 0.1. Both penetration-distance curves, before and after
projecting the affine matrices onto SO(3), are plotted in Figure 7.
The purpose of projecting each affine body back onto the SO(3)
manifold is to obtain the converged translation and orientation of
each affine body that satisfy all constraints, rather than to force the

affine matrix to converge to a rotation matrix. Therefore, as the
number of iterations increases, the local projection no longer per-
turbs the contact configuration once both the translation and orien-
tation of the affine body have converged, even if the affine matrix
itself has not converged to a rotation matrix.

Figure 6: Illustration of the two boxes and a contact pair that is
selected to evaluate the influence of the local solve to the global
solve.

Figure 7: Illustration of the penetration-distance curves before and
after projecting the affine matrices onto SO(3).
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