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Figure 1: Simulation of water flowing though a hydroturbine consisting of three parts. Our method is capable of coupling fluid particles with
dynamic boundaries represented by intricate triangular meshes. In this figure, velocities of particles are color coded.

Abstract

While semi-analytical boundary handling techniques have proven effective for modeling particle-based fluid-solid interactions,
they can become unstable when applied to mesh boundaries undergoing dynamic motion or featuring complex, sharp geome-
tries. We propose a novel semi-analytical energy model for boundary handling that unifies fluid simulation and boundary
interactions within a variational framework. The model comprises two key components: a semi-analytical bulk energy formu-
lation that mitigates particle deficiency issues in the evaluation of bulk energy, and a nonlocal contact potential that effectively
prevents particle penetration into boundaries. Both energy terms are naturally compatible with the Semi-Implicit SPH (SISPH),
and a unified Hessian-free solver combined with reduced-order collision detection enables an efficient and stable GPU-based
implementation for both fluid dynamics and nonlinear fluid-solid interactions. Furthermore, the unified treatment of fluid bulk
energy and boundary energy via the semi-analytical formulation robustly corrects penetrations in practice, even under severe
compression scenarios involving complex moving boundaries. Compared with existing semi-analytical boundary treatments,
our method is more robust under fast boundary motion and strong compression. Across challenging benchmarks with sharp
features, narrow gaps, and moving meshes, it remains stable and penetration-free where prior methods often fail.

CCS Concepts
» Computing methodologies — Physical simulation;

1. Introduction

T Corresponding: xiaowei@iscas.ac.cn Accurate modeling of complex boundaries in fluid simulation is
crucial for both computer graphics and engineering applications.
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Smoothed Particle Hydrodynamics (SPH), a particle-based La-
grangian method, has become a popular choice for simulating
free-surface flows, large deformations, and multiphysics scenar-
ios [HIL*25]. Despite its flexibility, boundary handling remains
a persistent challenge, particularly when fluid simulation is cou-
pled with complex moving boundaries. Two core difficulties arise:
first, fast-moving, complex boundaries can cause particle penetra-
tion when large time steps are used. Second, the lack of the Kro-
necker delta property leads to the underestimation of physical quan-
tities near the boundary, resulting in inaccuracy and instability in
regions near the boundary [FM03; KBST22].

To prevent interpenetration between objects, Continuous Colli-
sion Detection (CCD) is widely employed [XLYJ23]. While ef-
fective at resolving collisions between moving objects, direct ad-
justments to particle positions using CCD may lead to an unphys-
ical loss of kinetic energy. Moreover, CCD requires continuous
prevention of interpenetration throughout the simulation; if vio-
lated, the method becomes unreliable and computationally expen-
sive to restore to a feasible state. Alternatively, other boundary
handling strategies try to mitigate the challenges with improved
boundary integral strategy. Ghost particle methods approximate
missing boundary contributions by sampling additional particles
on or near the solid surface [GPB*19; BGI*18; PT23], but they
incur sampling overhead and struggle with sharp or detailed ge-
ometries. Semi-analytical boundary handling instead replaces the
missing kernel support with surface integrals over boundary geom-
etry [FM15; CLH*20; WAK20], improving geometric fidelity, yet
penetration remains challenging under large time steps or extreme
compression (e.g., as shown in Figure 2).

We propose to model both fluid simulation and boundary inter-
actions under an unified variational framework. We first introduce
a semi-analytical energy model for boundary handling, which con-
sists of two key components. The semi-analytical bulk energy term
is introduced to address the particle deficiency in bulk energy eval-
uation, while a finite-horizon nonlocal contact potential is intro-
duced to robustly correct penetrations. Here “nonlocal” follows the
standard usage in nonlocal continuum mechanics (Peridynamics):
the response at a point is determined by integrating interactions
over a finite neighborhood (support radius /), rather than by purely
local derivatives [Sil00; LHG*23]. Unlike other contact potential
models, such as the IPC model [LFS*20a], the nonlocal contact
potential uses a signed distance value rather than a strictly positive
distance. Thus, to account for complex moving boundaries, there is
no need to perform exact CCD tests at every iteration during nu-
merical optimization. We therefore propose a reduced-order CCD
algorithm to detect collisions between particles and boundary trian-
gular meshes, which needs to be performed only once at the begin-
ning of each time step. As both the semi-analytical bulk energy and
the nonlocal contact potential are adapted into a semi-implicit suc-
cessive substitution method, we finally obtain a Hessian-free, GPU-
friendly substitution-type solver to simulate particle-based fluids
involving complex moving boundaries.

To summarize, the contributions of this work include

e A semi-analytical energy model for boundary handling that
consists of the semi-analytical bulk energy addressing the parti-

Figure 2: Simulation of fluid flowing through a rotor pump with
velocity color-coded. The proposed semi-analytical boundary han-
dling method achieves stable, intersection-free motion even when
the cavity is strongly compressed by the two rotors.

cle deficiency issue and the nonlocal contact potential addressing
the particle penetration issue;

o A reduced-order CCD algorithm which is simplified to solv-
ing a quadratic equation, achieving better robustness against col-
lisions between particles and boundary triangles;

e A substitution-type iterative solver that is Hessian-free and
GPU-friendly for solving nonlinear optimization problems, ca-
pable of handling complex, moving boundaries in particle-based
fluid simulations.

Through experiments, our method demonstrates improved ro-
bustness under compression, accurate capture of boundary details,
and stable performance with moving or deforming boundaries,
while retaining computational scalability.

2. Related Work
2.1. Incompressibility in SPH

To enforce fluid incompressibility, a common approach is the non-
iterative Weakly Compressible SPH (WCSPH) method [BTO07;
Mon94], which has been extended with techniques like adaptive
particle resolution [WHK17; WK21], asynchronous time integra-
tion [RHEW17] and higher-order kernels [CLC*20]. Neverthe-
less, the WCSPH method relies on an explicit equation of state
(EOS) for pressure and suffers from significant stability limita-
tions, particularly when a large time step is employed. To ad-
dress the stability issues, "Predictive—corrective”" methods [SP09;
HLL*12] have been proposed to enforce incompressibility by it-
eratively correcting density errors. Alternatively, the projection
method [IOS*14], which solves a linearized global pressure Pois-
son equation, achieves improved efficiency and stability. The
divergence-free SPH (DFSPH) method [BK15] further demon-
strates that enforcing both constant density and divergence-free ve-
locity constraints on fluid particles enhances numerical stability.
To capture finer small-scale fluid motions, the dual-particle SPH
method [LHG*24] proposes a framework to retain negative pres-
sures without inducing tensile instability.

In contrast to the aforementioned pressure-solving methods, the
Position-Based Fluid (PBF) method [MM13], inspired by Position-
Based Dynamics (PBD) [BKCW14; MMC16], directly adjusts par-
ticle positions to enforce constant density constraints. PBF is sta-
ble, fast, and easy to implement, but it exhibits sensitivity to pa-
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rameters such as particle radius and time step size. To address this
limitation, the SISPH method [HLG*25] is introduced, which em-
ploys the semi-implicit successive-substitution method to optimize
the density-related variational energy of fluids. Compared to PBF,
SISPH is more robust to variations in the time step size and particle
radius, and achieves faster convergence.

2.2. Boundary Handling in SPH

In the particle-based method, the treatment of the fluid-solid bound-
ary is crucial for simulation stability. Compared to the grid-based
method (including Eulerian grid-based solvers such as the lattice
Boltzmann method (LBM)) [SHM22; FGW*21; AC10; CD98], the
particle-based method using kernel-based approximations requires
a larger support radius [HBFR04; KBST22]. Near the bound-
ary, kernel supports of fluid particles will be truncated, which
can lead to underestimated density and visible artifacts. There-
fore, naive boundary handling techniques, such as distance-based
penalty forces or position corrections [Mon94; LHWW21], of-
ten result in particle clustering and oscillations near solid inter-
faces, motivating more robust boundary treatments, such as ker-
nel renormalization corrections to mitigate truncation errors [BL99;
RL96b]. The ghost-solid particle approach is effective and widely
used to treat solid boundaries by placing ghost particles within
the solid domain [AIA*12; SB12; BGPT18; BGI*18], for instance
via generalized wall boundary conditions based on boundary par-
ticles [AHA12]. Additionally, the ghost particle approach can be
easily extended to model two-way coupling of fluid-solid interac-
tions [GPB*19].

The ghost particle approach improves the accuracy of calcula-
tions near the boundary but requires careful sampling. To avoid
explicit sampling, implicit solid boundary methods based on eule-
rian grids are devised. Koschier and Bender [BKWK19] propose to
store density contributions of solid boundaries on a spatial grid, and
correct the estimations of fluid particle densities. After that, Bender
et al. [BKWK20] suggest using the volume contributions of bound-
aries instead of the density contributions in grids, which can better
integrate with existing SPH methods and tolerate lower grid resolu-
tions. Winchenbach et al. [WAK?20] propose to use signed-distance-
field (SDF) based corrections assuming locally planar walls, which
integrate well with the adaptive particle resolution SPH method.

To model fluid—solid interactions involving complex and sharp
geometries, a straightforward approach is to use surface meshes for
boundary representation, which requires semi-analytical boundary
techniques to ensure accurate near-wall fluid behavior. Early semi-
analytical methods can only treat simple geometries [KBLP04],
Ferrand et al. [FLR*13] extend the method to unified 3D cases.
Fujisawa et al. [FM15] integrate the semi-analytical boundary into
position-based methods. To further improve computational effi-
ciency and robustness in handling complex boundaries, Chang et
al. [CLH*20] convert volume integrals inside solids into surface
integrals over mesh triangles.

Compared to other methods, the semi-analytical boundary is
well-suited for handling complex solid boundaries, and can directly
utilize surface geometric models for simulation without requiring
pre-computation [CLH*20]. Nevertheless, since solids are repre-
sented as surface meshes, fluid particles may easily penetrate into
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Figure 3: Fluid flow through a multi-gear assembly with veloc-
ity color-coded. The narrow clearances between teeth and the si-
multaneous motion of multiple gears exemplify sharp features and
multi-contact interactions that challenge boundary handling meth-
ods. Notably, the gear teeth include many narrow convex tips that
undergo high-speed fluid impact, serving as a complementary con-
vex sharp-corner stress test to Figure 16.

the solid region due to excessively large time steps or high veloc-
ities. The approaches to prevent unphysical penetration between
fluid and solid [XLYJ23] rely on a combination of two techniques:
the Continuous Collision Detection (CCD) [RKC02; WTTM15],
and barrier-energy methods such as incremental potential contact
(IPC) [LFS*20b], which ensure robust non-intersection guarantees
for solid objects. Nevertheless, the CCD typically incurs significant
computational overhead [BEB12].

3. Background
3.1. Semi-Analytical Boundary

In SPH, the value of a function f(x) at particle i is approximated as

F(xi) = Y Vif (xp)W (rij, H), M
J

where W is the kernel function, V; is the volume associated with
particle j, r;; = ||x; —X;|| is the distance between particles i and
Jj, and H is the smoothing length. In regions away from bound-
aries, the particle approximation can provide accurate estimates
under sufficiently smooth fields and uniform particle distributions.
However, near boundaries the kernel support domain is truncated,
leading to the well-known particle deficiency problem [RL96a;
FLR*13; KBST22]. This issue has motivated a wide range of reme-
dies, including approaches that explicitly integrate over the bound-
ary geometry as well as methods that densely sample the boundary
interior using ghost particles.

Ghost particle methods [SB12; GPB*19] address this problem
by sampling particles outside the boundary, as shown in Fig. 4a.
The corrected approximation is expressed as

f(Xt)=Zij(Xj)W(riij)+2Vj'f(xj’)W(rijuH)7 2
J 7

I () FEx)

where ff and fB denote contributions from the interior fluid and
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(a) Ghost particle (b) Semi-analytical boundary

Figure 4: (a) Ghost particle sampling; (b) semi-analytical bound-
ary integral.

the boundary particles, respectively. To avoid sampling the bound-
ary, the semi-analytical method [CLH*20] instead computes the
boundary contribution via integral:

- /B FEOW(rH)dV

:/ Vy -G(x,x')dV

3
—/ (/ ) dr) sin0d0d o
9<|>>
=/ G dQ
/g (Nlr{e.0)
where G(x,x’) satisfies Vy - G(x,X') = f(xX')W(r,H), Q is the

solid angle covered by boundary B, G’ (r) = g(r)r%, G(r)ﬁeip) =
G(H) —G(r(8,0)), and dQ = sin8d0d¢. For f(x') = 1, Eq. 3 sim-
plifies to the volume enclosed by the boundary. When the boundary
is discretized using a triangular mesh, the integral can be evaluated
over the discrete boundary elements, as illustrated in Fig. 4b.

3.2. Semi-Implicit SPH

Standard SPH methods enforce incompressibility either by solving
global pressure equations or iteratively correcting density errors
to enforce a constant density field. Since constraint-based solvers
are sensitive to the time step and the number of solver iterations,
the Semi-Implicit SPH (SISPH) method reformulates the enforce-
ment of fluid incompressibility as an energy minimization prob-
lem [HLG*25], where the total energy is defined as

E(x) = 5= M|x—x"||° +#ZB @

2(Az)
where At is the time step, u is a constant controlling fluid compress-
ibility, M is the mass matrix, and x™* is the predicted position, B(A;)
is the bulk energy and A; is the density ratio given by

y Zm, (IIxi — x; 1, H) 5)
Po
with po denoting the rest density and m; the mass of particle j , and
H is the kernel support radius. Solving the optimization problem in
Eq. 4 is equivalent to finding the stationary point for the following
equation

(A% N
n:n—ﬂt)MMbg. ©

mj

Here B(A) = Z—ﬁ denotes the derivative of B with respect to its scalar
argument A for compactness.

Since Eq. 6 contains nonlinear terms, how to solve the above
nonlinear problem efficiently still remains a challenging task. To
overcome this issue, He et al. [HLG*25] propose to incorporate
the Semi-Implicit Successive Substitution Method (SISSM), which
splits the nonlinear term B(};) into a positive part B™ (A;) > 0 and
a negative part B~ (A;) < 0. The positive part is treated implicitly
while the negative part is kept explicit, making each iteration sim-
ple and intuitive.

Substituting B(A;) = BT (A;) +B~ (A;) into Eq. 6 gives

Xt = +Z Xj—x)+ASX) |, O
Al

k+

Al

x; =X} 4+ Arv;] is the predicted position, X[ and xf“ denote the
Al
ij

where Aj K+ denotes the normalization factor Ak+ =1+Y);

positions of particle i at iteration k and k + 1. The coefficients

and A:-‘ ;. follow directly from the decomposition of B();) and are
written as
Ar)?
AkE (A7)

stk OW
=~ BEO
ij H m; ( l)rijar[j7

®

where m; is the particle mass, and 7»{»( is the normalized density ratio
at iteration k.

Equation 7 therefore gives a purely fixed-point iteration in which
positive terms are treated implicitly and negative terms are treated
explicitly; convergence is consistently observed in our experiments
with a simple line search. This strategy eliminates the need to
assemble a large coefficient matrix, resulting in efficient, GPU-
friendly iterations. Moreover, it can be extended to incorporate en-
ergy terms arising from complex solid boundaries.

4. A Semi-Analytical Energy Model for Boundary Handling

We model boundary handling within a purely Lagrangian frame-
work, where the fluid domain is discretized into particles and the
solid boundary is represented by a triangular mesh. Our objective
is to unify two essential requirements: first, the enforcement of in-
compressibility both inside the fluid and near the boundary; and
second, the prevention of particle penetration into the solid. Di-
rectly applying position-based dynamics often introduces sensitiv-
ity to numerical parameters (e.g., the time step size Ar) and can
lead to nonphysical energy dissipation. To avoid this, we instead
formulate the problem variationally, inspired by projective dynam-
ics [BML*14] and the semi-implicit SPH method [HLG*25].

The governing minimization problem is written as

. 1 2
min = M]|x —x"| -‘r,LlZBO\,
1

) ) HRLCMe), )

where B(A;) represents the bulk energy and A; = p;/po denotes the
density ratio. Here, C(Y;.) represents the contact potential, which
prevents particle penetration, with Y. = dic/ d defined as the ra-
tio of the signed distance d;. to the boundary over a user-specified
thickness d. The parameters u and k are weighting coefficients that
balance the contributions of bulk and contact energies.
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Figure 5: Illustration of a virtual boundary particle for semi-
analytical bulk energy. For a fluid particle x;, each boundary el-
ement s intersecting its support contributes a virtual boundary par-
ticle xjr at the closest point on s. The shaded arc-shaped sector
approximates its effective volume Vi, which determines its mass
m e

To facilitate semi-analytical boundary integral, two different
types of virtual particles are introduced: virtual boundary parti-
cles and virtual contact particles. Virtual boundary particles are
created to correct the density approximation for fluid particles near
the boundary, while virtual contact particles are introduced to pre-
vent particle penetration into solid boundaries.

4.1. Semi-Analytical Bulk Energy
The bulk energy for particle i is expressed as
B(Ai) = b(Ai)V; (10)

where V; is the particle volume and b(-) is typically selected as a
polynomial function [HLG*25]. According to a standard particle
approximation, A; is formulated as
Ljm;Wij
p

A= (1)

The issue arises when particle i is positioned near the boundary,
Eq. 11 underestimates the density due to the truncation of the sup-
port domain by the boundary. To address this problem, we propose
to generate one virtual boundary particle for each boundary element
that intersects the support domain of particle i. More specifically,
for a triangle s, we define a corresponding virtual boundary parti-
cle j/ at X, where X denotes the closest point on triangle s to x;.
By applying the semi-analytical boundary formulation [CLH*20]
to calculate the volume integral(as the arc-shaped intersection sec-
tor shown in Figure 5), the mass of particle j is approximated as

H (ns : ds)As

mj = pOW|r:”xj,7x‘.|| Ao

Q, (12)
where W is the radial integral of the kernel satisfying W (H) = 0.
The direction dy is defined as a normalized vector pointing from x j»
to Xx;, n, is the triangle normal, A, represents the intersected area
between triangle s and the support domain. Ag represents the inter-
sected area between the plane containing triangle s and the support
domain, and Q is the corresponding solid angle.

Incorporating Eq. 12 into Eq. 11 results in the following cor-
rected density ratio
2 = ZimiWij + X jmy Wiy (13)
1T .
Po
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Support domain

Figure 6: /llustration of a virtual contact particle for nonlocal con-
tact potential. For particle X;, a virtual contact particle is created at
the closest point X¢ to X; on each group of triangles that intersect-
ing the support domain. The vector nj. denotes the normal vector
at x; in the signed distance field reconstructed from the boundary.
If more than one group of triangles intersect the support domain of
particle i, one virtual contact particle should be created for each

group.

The above correction ensures that bulk energy is compensated near
the boundaries. Note the number of virtual boundary particles is
equal to the number of triangles that intersect the support domain of
particle i. In practical experiments, we observed merely addressing
the particle deficiency problem in the calculation of bulk energy is
insufficient to prevent particle penetration into the solid (e.g., when
the fluid is under strong compression as shown in Figure 2). This
observation motivates the introduction of virtual contact particles.

4.2. Nonlocal Contact Potential

Unlike creating a virtual boundary particle for each boundary el-
ement that intersects a particle’s support domain, we propose cre-
ating a single virtual contact particle for each group of triangles
that intersects the particle’s support domain. Here, a group of trian-
gles refers to all triangles that are interconnected. The position of
the virtual contact particle X, is defined to be the closest point on
the triangle group. However, a notable issue is that multiple points
may be equidistant from x;. To resolve this ambiguity, our practical
implementation for calculating x. follows two procedures. First,
we calculate the signed distance d and the normal vector n;. at
position x; with respect to the triangle group. Then, we set X¢ as
X, = X; — dn;.. This strategy enables the identification of a unique
position for both concave and convex boundaries.

We then define a nonlocal contact potential for each virtual con-
tact particle as a function of the signed distance from the position
of the virtual contact particle, X, to the position of the fluid particle
x; (as shown in Figure 6)

C(y) =c(Vi. (14)

y=d/ d represents the ratio between the signed distance to a user
defined contact threshold, as motivated by Incremental Potential
Contact(IPC) [LFS*20a], and c(Y) is a barrier function of y. Note
direct application of the logarithmic barrier function is not suitable
in this context because the log barrier function only accepts posi-
tive values. Therefore, we propose using the following polynomial
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barrier function for c(Y)

N n
(1-v
n; —— 1<, 1)

0, y>1,

c(y) =

where N is the polynomial order. As N increases, note Eq. 15 con-
verges to the logarithmic barrier used in IPC. The advantage of
using the polynomial barrier function is that it accepts negative val-
ues, which means the computationally expensive exact CCD can be
removed during iterations. Furthermore, another advantage of for-
mulating the nonlocal contact potential in terms of 7y rather than d
is that it can be easily adapted into a GPU-friendly semi-implicit
solver, the details of which will be presented in Section 5.

5. Nonlinear Optimization using the Semi-Implicit Successive
Substitution Method

To solve the nonlinear optimization problem in Eq. 9, one must deal
with the nonquadratic nature of both the bulk energy and the contact
potential. Standard solvers for linear systems, such as conjugate
gradient, cannot be applied directly, and Newton’s method, though
theoretically suitable, is impractical in GPU-parallel frameworks
because it requires evaluating second-order derivatives and solv-
ing global linear systems. To avoid these difficulties, we adopt the
Semi-Implicit Successive Substitution Method (SISSM) [LHG*23;
HLG*25], a Hessian-free approach based on coefficient decompo-
sition.

Taking the first-order derivative of Eq. 9 with respect to x; yields

e KN R Vi

X; =X; —H;B(ki)g I ZC(Yic) 8\; ) (16
—

£5 (x;) € (x;)

where X in the right hand side is the predicted position, the second
term 5 (x;) is the force resulting from the bulk energy in Eq. 10,
and the third term f€ (x;) is the force resulting from the contact
potential in Eq. 14.

The direct update of Eq. 16 does not guarantee convergence be-
cause both B(A;) and C(Yc) contain nonlinear functions. Follow-
ing [HLG*25], the key point is to reformulate each term into a non-
local form as f(x,x")(x’ —x), and then decompose the coefficient
into a positive and a negative part

Fxx) = (xx) + £ (xx7), (17)

so that f* > 0 can be handled implicitly while f~ < 0 handled
explicitly.

5.1. Reformulating °(x;)

Inserting the corrected density ratio of Eq. 13 into 3 (x;) gives
h2 . . Xir —X;
£5(x;) = u—B(\) | YW R JRNGES)
Po 7 Tij

where 1 s = mj /m; is the relative mass of the virtual boundary
particle and W;; = oW (r;j,H)/dr;j. When Desbrun’s spiky ker-

X;j—X

— + ) Wiy
] j/

nel [DGY6] is used, the decomposition of 8 (x;) is formulated as

fB (X,) :A;; (Xj —Xi) +Ai._f (Xj —Xl') +A;;/ (Xj/ —Xl') +Ai;’ (Xj/ —Xl‘)7
(19)
where the coefficients Afj, AI; Ai*j, and Ai;, are calculated as

2 i 2 i
Wi _ . Wij
A-Jﬁ:yh—B ) —L, AT =,uh—B+(7u,<)J,
ij - ij .
PO Tij £0 rij 20)
2 Wi 2 i

o= LSBT () Y
Ay —,uponj/B (M) .

Ah =B
ij ponj ( l) rij’

i’

r,-j

B~ (\;) and BT (A;) represent the negative and positive parts, re-
spectively. For the special case of b(A) = %(7» —1)2, B(\;) splits
into B~ (A;) = —V; and BT (A;) = A, V.

5.2. Reformulating £€ (x;)

For the contact force, substituting Y;c = dic/ d with d;. = ||xe — x|
into £€ (x;) yields

h  C(Y;
€ (x;) =x—Y EY’C)(xﬁxi), 1)
po & dd;,
To ensure smoothness as dj. — 0 and maintain consistent signs for

coefficients, we propose to reformulate Eq. 21 as

N — hiz Ci(’Yic) Xc —X; C+( ic) )

(22)

Note that the term (X — X;)/d;c in the first term on the right-hand
side of Eq. 22 can be interpreted as the inward normal vector n;.. To
enhance numerical stability by avoiding division by zero when x.
lies on the boundary, a more robust approach is to compute n;. di-
rectly. In our implementation, we adopt a straightforward method:
we identify the triangle containing X and assign its normal vector
to n;.. Alternative techniques, such as deriving the normal from a
signed distance field, are also viable.

To avoid division by zero for the second term of Eq. 22, we first
take the derivative of Eq. 15 as

N
—(1=y"" y<i,
= BT 23)
0, v>1,

and then take the decomposition as follows

Q=N+ +p~ -2
2y
(=" - (+p"
2y '
Note 7y in the denominator of ¢~ () cancels out with the 7y in the
numerator, thus C~ (y) = c(y) ~ V; remains valid for all values of d,.
Similarly, the numerator of ¢t (y) includes a multiplicative factor of

v for N > 1, meaning that the relation C* (y) /d = ¢(y) " Vi/d holds
for all values of d.

¢t

Y) =

)

(24)
¢ (=

Summarizing the above equations with a certain kind of simpli-
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fication can yield the following equation

“x)=Y (Al;n,-c FAL (% — x,»)) , 5)
c
where the coefficients are written as
4o =Y ="
ic — R )
2d;. 26)
A= =Y+ (Y
ic — 2
2dic

It can be verified that A;; < 0 and A;g > 0, which ensures stability
and continuity for all d;. < d.

5.3. Final Update Rule

Combining the decompositions in Eq. 19 and Eq. 25, Eq. 16 be-
comes

X; = X; +Z ij —Q—A+ —X;)

+Z Ay AL (X —x0) 27)
j/

+ Y (Aimic + A7 (xe — ;).
C

Following the SISSM procedure to treat items with positive coef-
ficients implicitly and negative ones explicitly, a semi-implicit up-
date strategy reads as

k+1 1 & K+ k
Xl+ Ak+[x’+z i 7xl)+A+ )

—I—Z i xk/—x,)—l-A /x/) (28)
+Z (Afc_nfc +Af~‘c+xg) },
=

with diagonal normalization

ATt =1 YAl +ZA +ZA : (29)
J

Equation 28 represents the final form of the Semi-Implicit Suc-
cessive Substitution update. It combines fluid incompressibility and
boundary handling into a unified iteration, eliminating the need for
Hessian computations, relying solely on local kernel evaluations,
and being well-suited for GPU acceleration.

6. Convergence Behavior

To ensure and accelerate the convergence of Eq. 28, two key issues
must be addressed. First, the initial point x’ should be carefully se-
lected to prevent penetration from occurring at the time integration
stage. Second, the update strategy from one iterate x* to the next
should effectively incorporate information from previous iterates
to ensure a decrease in the total energy, i.e., E(x*!) < E(x¥).

© 2026 The Author(s).
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6.1. Initial Guess with Reduced-order CCD (RCCD)

Continuous collision detection (CCD) is widely used to ensure non-
intersection between fast-moving objects by detecting the exact
moment of collision and applying a response. The Incremental Po-
tential Contact (IPC) method [LFS*20a; LKJ21], for instance, uses
CCD to compute the time of impact and applies a log-barrier poten-
tial to prevent penetration. Because the log-barrier function grows
unbounded as contact is approached, IPC also requires a line-search
filter to clamp step sizes. However, computing exact times of im-
pact between vertex—face or edge—edge pairs in 3D is difficult, es-
pecially under mixed translation and rotation [WFS*21].

Instead of directly performing an elementary test between a fluid
particle and a boundary triangle, we first conduct continuous col-
lision detection (CCD) between the fluid particle and the plane
containing the boundary triangle, as demonstrated in Figure 7.
If a collision is detected, we then
check whether the intersection point
lies within the boundary triangle.
Our solution simplifies the CCD
problem by reducing it from solving
roots of a univariate cubic polyno-
mial to solving roots of a univariate
quadratic function.

Figure 7: RCCD

Assume the plane is defined by the
barycenter ¢ of the triangle and its normal vector ns. The trajectory
of the triangle can be identified by the directions formed by Acf =
¢y — ¢} and An} = n] —nj. Equivalently, the trajectory of particle
i is defined as X} +rAx] with Ax] = x; — x| representing its search
direction. The corresponding CCD is then to find a real solution of
t € [0,1] satisfying the following univariate quadratic function

[x! +1AX] — (¢ +Acf)] - (nf +rAnf) =0. (30)

If a real solution for 7 is found, an additional step is further ap-
plied to verify whether the intersection point lies within the tri-
angle; see Algorithm 2 for the complete pseudocode. It is worth
noting that finding the roots of the quadratic function in Eq. 30 is
significantly simpler than finding roots of a univariate cubic poly-
nomial [TTWM14; WTTM15]. However, the planes defined by
the linear trajectories of the barycenter and normal vectors differ
slightly from those formed by the triangle’s vertices. This minor
discrepancy is not problematic, as the nonlocal contact potential
permits zero and negative distances and continues to guide the fluid
particle inward in cases of interpenetration.

6.2. Parameter Learning for x and N

According to He et al. [HLG*25], the parameter u controls the com-
pressibility of fluids. In our current implementation, u is typically
set as a constant value. The challenge lies in determining appropri-
ate values for k and N for the nonlocal contact potential to generate
sufficient forces that prevent particle penetration. To give more in-
sights, Figure 8 provides an intuitive illustration of the relationship
between k and N. Notably, when y < 0, increasing the value of
N proves more effective in enhancing the contact force. However,
when y > 0, increasing k is more effective.

Since increasing the values of ¥ and N will correspondingly in-
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Algorithm 1 A Substitution-Type Algorithm

Algorithm 2 Reduced-order CCD

while 1 <1y,) do
Vi Vi+A-f
X X} +At-vF
Search neighbor particles and triangles
// CCD Phase
for all particles i do
for all neighbor triangles j do
AX] X7 —x!
Call reduced-order CCD in Algorithm 2
end for
Initialize X9 < X! + fyinAX”
end for
// SISSM Iteration Phase
k<0
while k < N do
for all particles i do
Compute fluid density using Equation 1
Compute boundary density using Equation 3
Compute xf»‘“ using Equation 28

Compute ch»‘ using Equation 35

W af (X )

k< k+1
end for
end while
for all particles i do
x?“ —xV
1 n
n+1 * Xf” —x!
v; — Vv + ;
end for
end while
K=1,N=3 20 K=1,N=3
—— k=10,N=3 — —— k=10,N=3
o — o) B e
T —_— — k=1,N=30 T’ 10 — k=1,N=30
B E—— ~
=y o> | —
= 0 o s —_ —
0 ~__
1 i -1 i
Y Y

(a) Polynomial barrier c() (b) Negative derivative —¢(Y)

Figure 8: Effect of stiffness K and polynomial order N. When v <
0, the order N steepens the function. When y > O, the stiffness K
dominates.

crease the stiffness of the optimization problem and slow the con-
vergence, our objective is to choose sufficiently large values for
both k¥ and N, but not too large. Staring with an initial value of
K; = u; and N,»0 = 3, our solution to update N for each particle is as
follows

N N Xl e B A Xk e B, a1

e Nik_l, otherwise,

where x; € B indicates particle i is located inside the boundary. In
other words, when particle i penetrates into the boundary, we first
choose to increase the value of N to accelerate the convergence.

Then, as the position of particle i is adjusted back to a non-

function REDUCEDORDERCCD(x}, Ax}, ¢}, Acy, ny, An})
a + (AX} — Ac) - Anj
b+ (x] —cf)-An§ + (AX} — AcY) -nf
c+ (x!—cf)-nf
if ||a|| < e then
if ||b|| < € then
return 1
else
t < max(0,min(—7,1))
end if
else
Compute discriminant: A <— b —4dac
if A <0 then

return 1
else
to < _bz_a\/g
1 %
t < max (0, min((min(zg,#;)),1))
end if
end if
if X 4 rAx] is inside triangle s at time ¢ then
return ¢
else
return 1
end if

end function

penetrating state, we estimate a lower bound for K such that the
contact force is sufficiently strong relative to the pressure force, en-
suring that the predicted position of x; remains d away from the
boundary.

|12 (<) [ e (4 )
ek

where Ko represents a constant value to ensure convergence.

K; = max

%o | (32

From the above discussion, it can be noted that all virtual con-
tact particles interacting with the same fluid particle share the same
kernel function. Therefore, we only need to store the values of k
and N on each particle.

6.3. Line Search

By initializing x? = x} +rAx}, a sequence of iterates xf‘ can be

generated using Eq. 28. To ensure that each iteration decreases the
total energy, we apply a line search filter of the form

x; e xt +af (xT - xt), (33)
where of € [0, 1] denotes the step length.

Computing the exact optimal step size by backtracking or Wolfe
conditions [NW99] is often expensive, and in practice provides
only limited improvement since subsequent iterations further re-
fine the solution. Instead, we adopt an inexpensive approximation

© 2026 The Author(s).
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0J N

Figure 9: Effect of the thickness d on contact band and feature cap-
ture with contact potential color coded from blue(0J) to red(1J)
. Small d confines contact to a thin band, yielding steeper repul-
sive forces and preserving sharp corners and narrow gaps; large
d spreads contact over a thicker band, softening forces and blur-
ring small geometric features. If no boundary triangles are detected
within the support (i.e., the sample is farther than d from the sur-
face), the contact term is inactive.

by linearizing the energy function around x{‘ using a first-order Tay-
lor expansion:

~ vy a vyt ("“—x,). (34)

Following the Newton step intuition, we define ch as the inter-
section point of this tangent with the horizontal axis:

"’?‘ |
Vb (X xk) 1§

where 8 is a small positive constant to avoid division by zero.

ocf'( = min |: ) (35)

Two cases arise in practice. If both Xf‘ and xi-‘“ lie on the same
side of the local minimum of , then ocf is set to 1, meaning that the
full update Xk'H is already a valid descent step. If xif'H lies on the
opposite side, the formula in Eq. 35 clamps of into [0, 1], avoiding
overshooting while still ensuring a monotone energy decrease.

To measure convergence, we follow [HLG*25] and define the
relative energy error rate as

o W) ) )

where y(xX) is the total energy at iteration k, and y(x") is the
energy at the final iterate. This normalized measure quantifies how
fast the iterative process reduces the energy relative to the initial
gap, and provides a consistent criterion for evaluating convergence
behavior.

© 2026 The Author(s).
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Figure 10: Energy error rates over the first 50 iterations.
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Figure 11: Particle trajectory. The initial positions of the particles
are at Y= 0.001 and y = —0.95. The position changes of the parti-
cles over 50 iterations when using our method, where d = R,xg = 1,

N0 =3.

The effect of this line search strategy is illustrated in Figure 10,
which plots the relative error rates of the bulk energy and the to-
tal energy over 50 iterations. Both curves exhibit a rapid decrease
in the first few iterations, followed by a smooth asymptotic decay
toward zero. The total energy consistently decreases without oscil-
lation, confirming that the proposed line search filter successfully
prevents overshooting and enforces monotone convergence. Mean-
while, the bulk energy error rate follows a nearly identical trend,
showing that the stabilization achieved for the total energy natu-
rally extends to the individual energy components. These results
demonstrate that our iterative solver, combined with the inexpen-
sive line search filter, achieves fast and stable convergence without
the need for costly backtracking or exact Wolfe condition checks.
7. Experiments and Evaluation

To validate the effectiveness and robustness of our method, we con-
duct a series of carefully designed experiments. Our implementa-
tion follows Algorithm 1, and the code is developed in C++ and
parallelized on the GPU using CUDA. All experiments are per-
formed on a laptop computer equipped with an NVIDIA GeForce
RTX 5080 GPU with 16 GiB of VRAM, an AMD Ryzen 9-7945HX
processor (16-core, 2.5 GHz), and 32 GiB of RAM.

7.1. Ablation Study
7.1.1. CCD Test

To validate the reduced-order CCD introduced in Section 6.1, we
designed point—plane collision scenarios as shown in Figure 12a.
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(a) 2D schematic of point—plane collisions under translation, rota-
tion, and combined motion.
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(b) Side by side validation comparison between RCCD and TCCD.

Figure 12: RCCD vs. TightCCD comparison. RCCD achieves ro-
bust detection under rotational motion, where TightCCD fails due
to linear trajectory assumptions, confirming the advantage pre-
dicted in Section 6.1.

Method Runtime (us) Mean TOI deviation Miss rate (%)
RCCD 4.51 7.86 x 102 0.00
TightCCD 247 3.70 x 10~8 66.66
FullCCD 117.74 2.85x 1078 0.00

Table 1: Quantitative comparison among RCCD, TightCCD, and
FullCCD.

The plane moves under pure translation, pure rotation, and com-
bined translation—rotation, with collisions expected att = 0.5. Fig-
ure 12b shows side-by-side validation results for vertex, edge, and
face cases. TightCCD [WTTM15] formulates collision events un-
der an implicit assumption of linear vertex trajectories, which can
be less robust under rotational motion. In contrast, RCCD directly
accounts for the rotation-induced nonlinearities while avoiding the
computational overhead of fully exact CCD. Table 1 summarizes
the efficiency—accuracy tradeoff: TightCCD is the fastest (2.47 us)
but shows a higher miss rate (66.66%), whereas RCCD remains
robust without misses at comparable runtime (4.51 us); FullCCD
(rigid-body CCD with rotation [RKCO02]) also achieves no misses
but with higher runtime (117.74 us).

7.1.2. Boundary Handling

To evaluate the convergence behavior of our boundary handling
formulation, we track the particle trajectory in terms of the nor-
malized signed distance ¥ = d /cf over successive iterations (Fig-
ure 11). Two representative initial conditions are considered: a par-
ticle starting just outside the boundary at y = 0.001 and another
starting deep inside at Y= —0.95. For both cases, our solver con-
sistently drives the particle toward a stable equilibrium near the
contact threshold y~ 1. When y > 0, the nonlocal contact potential
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(f) Effect of d : R

Figure 13: Boundary feature capture depends jointly on particle
size R, feature size L, and thickness d. Results validate the theoret-
ical trade-offs discussed in Section 7.1.3.

(e) Effect of L: R

quickly damps the displacement, and the particle converges mono-
tonically to the boundary without overshoot. When 7y < 0, the par-
ticle is initially in penetration, but the adaptive update of N and
K steepens the repulsive response and gradually pushes the par-
ticle outward. This results in a smooth trajectory that asymptoti-
cally approaches the boundary from inside. The experiment demon-
strates that our method can robustly handle both penetration and
non-penetration cases, ensuring convergence without oscillations
or divergence even under challenging initial conditions.

7.1.3. Boundary Feature Capturing

Finally, we evaluate the ability to capture geometric features, which
depends on the particle size R, the thickness d, and the mini-
mum boundary feature size L. Figure 9 illustrates that larger d
smooths the boundary response, while smaller d preserves fine-
scale features. Quantitative tests using a wall composed of boxes
(Figure 13a) show that particles resolve boundary gaps only when
L > 3R (Figure 13e). Varying d at fixed L : R = 3 (Figure 13f)
further confirms that smaller thresholds enhance feature capture,
consistent with Figure 9.

7.2. Comparison to Other Methods

We compare our method with the semi-analytical approaches of
Winchenbach et al. [WAK20] and Chang et al. [CLH*20]. For fair-

© 2026 The Author(s).
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Figure 14: 3D dambreak benchmark [KFV*05]. All three semi-
analytical boundary methods reproduce the experimental measure-
ments with comparable accuracy. Mechanical energy curves are
nearly identical. For density error(pavg — po)/ po, all methods show
fluctuations at the beginning, but our method and Winchenbach et
al. [WAK20] achieve stable state faster.

ness, we integrate their methods in PBF [MM13], using the same
XSPH viscosity [SB12] and a timestep of Ar = 1ms.

7.2.1. Fixed Boundary

Benchmark The dambreak test (Figure 14a) evaluates global
incompressibility under fixed boundaries. At H4 (Figure 14b),
Winchenbach et al. [WAK?20] matches experimental water heights
most closely, while Chang et al. [CLH*20] and our method fol-
low similar but slightly lower trajectories. At H2 (Figure 14c), all
methods show a small delay relative to experiments yet remain
consistent with one another. The three methods yield nearly over-
lapping mechanical energy curves (Figure 14d), confirming that
fixed-boundary scenarios are well handled by all. The main dif-
ference appears in density error (Figure 14e): our method, like
Chang et al. [CLH*20], exhibits fluctuations, but with smaller am-
plitude, while Winchenbach et al. [WAK?20] provides superior vol-
ume preservation.

A wall of boxes To further assess complex fixed boundaries, we ap-
ply the test to a wall of boxes (Figure 13a). As shown in Figure 15,
all three approaches succeed in maintaining the detailed geome-
try of the gaps and producing the expected particle flow-through
behavior. This demonstrates that for static boundaries with moder-
ate complexity, existing semi-analytical formulations as well as our
method can achieve comparable results.

7.2.2. Moving Boundary
Rotating cone In the rotating cone experiment (Figure 16),

Winchenbach et al. [WAK20] quickly fails after fluid injection,

© 2026 The Author(s).
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Figure 15: A wall composed of boxes with scale ratio L : R = 3.
All methods are able to preserve the boundary geometry and allow
particles to pass smoothly through the narrow gaps.

with particles escaping uncontrollably and the simulation break-
ing down. Chang et al. [CLH*20] performs more robustly but still
exhibits noticeable penetrations and instabilities during rotation. In
contrast, our method maintains stability throughout both the injec-
tion and the high-speed rotation phases. This demonstrates that our
method can robustly handle narrow and moving boundary geome-
tries while avoiding failure modes observed in prior semi-analytical
methods.

Rotor pump The rotor pump in Figure 17 represents an extreme
moving-boundary test. Winchenbach et al. [WAK20] becomes un-
stable in narrow gaps, and Chang et al. [CLH*20] exhibits severe
penetration. Our method maintains stable performance, echoing the
theoretical expectation of robustness in highly compressed bound-
ary regions.

7.3. More Examples

Jeep wading Figure 18 shows a jeep traversing water at time steps
of At =3 ms, 6 ms, and 9 ms. Chang et al. [CLH*20] quickly
loses splash intensity and suffers penetration, revealing sensitivity
to time step size. Our method maintains sharp splashes and avoids
penetration into the wheels even at A7 = 9 ms, reflecting the stability
of our variational solver under large steps.

Hydroturbine We used three components, namely pipes, guide
plates, and rotors (angular velocity 87.2rad/s), to form a hydro-
turbine scene in Figure 1. The initial velocity of the water flow is
10 m/s, and the behavior of the water flow in the intricate boundary
is stable throughout the simulation.
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Scene Figure NP N, At Iters Tivi Tpar TL'L‘d Tiiss Tyis Eatal

Benchmark Figures 14a 103K 24 Ims 5 2.224ms 5.973ms 0.082ms 6.904ms 1.490ms 16.681ms
Boxes wall Figures 15(Bottom) 140K 54k 1ms 5 5.588ms 8.74ms 0.662ms 18.178ms 0.769ms 29.346ms
Rotating cone Figures 16 25K 6 Ims 5 1.445ms 9.506ms 0.026ms 2.663ms 0.677ms  13.6348ms
Rotor pump Figures 17¢ 1.IM 18k Ims 5 6.128ms 21.814ms 8.614ms 22.132ms  2.069ms 72.191ms
Jeep wading Figures 18b(Left) 1.59M 187k 3ms 10 4.699ms 9.787ms 6.334ms 80.463ms 1.670ms  113.930ms

Jeep wading Figures 18b(Middle) 1.59M 187k  6ms 10 5.847ms 11.019ms  7.092ms 100.996ms  4.721ms  155.041ms
Jeep wading Figures 18b(Right) 1.59M 187k 9ms 10 5.836ms 12.350ms  10.292ms  150.852ms  6.638ms  202.740ms

Hydroturbine Figures 1 2.1M 49k Ims 5 17.376ms  30.662ms  37.710ms 89.868ms 3.584ms  205.173ms
Pump render Figures 2 1.IM 18k Ims 5 9.221ms  42.112ms  16.736ms  68.253ms  2.050ms  121.763ms
Gear Figures 3 484K 31k 1ms 5 8.038ms 24.699ms 8.844ms 71.631ms 4.797ms  134.598ms

Table 2: In these scenes, the stiffness parameter u of bulk energy is set to 1 and contact potential parameters K = N® =3, the smoothing
length H is set to 2.0 times of the particle size R and the thickness d equals R all the time; Ny represents the number of particles; Ni
represents the number of triangles; The number of iterations for every frame is set to a fixed value, i.e. Iters; T;; is the computational cost to
find triangle neighbors; Tpar is the computational cost to find particle neighbors; Tyiss is the computational cost for all SISSM iterations; T,
is the computational cost for viscosity phase; T; a1 Yepresents the average computational cost per time step.
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= Figure 17: Rotor pump with angular velocity 26.1 rad/s and par-

ticle velocities are color-coded. Winchenbach et al. [WAK20] fails
= in fast moving boundaries, Chang et al. [CLH*20] allows penetra-
2 tion, while our method remains stable. This validates the theoret-
g ical advantage of combining SABE and NCP for extreme moving
= and compression conditions.
o
8. Conclusion and Limitations

Om/s - -Sm/s

Figure 16: Rotating cone test at angular velocity 87.2 rad/s.
Winchenbach et al. [WAK20] fails shortly after injection (show-
ing severe particle loss and instability). Chang et al. [CLH*20]
remains functional but exhibits penetrations and distortions. Our
method preserves stability across both injection and rotation, illus-
trating the robustness of our method for narrow and moving bound-
aries.

We introduced a semi-analytical energy model for boundary han-
dling within particle-based fluid simulation. The approach com-
bines a semi-analytical bulk energy model with a pairwise non-
local contact potential, ensuring consistent density correction near
solid boundaries and preventing particle penetration. A Hessian-
free, GPU-friendly optimization scheme together with a reduced-
order CCD improves efficiency and stability under large time steps.
By regenerating virtual boundary particles and contact particles at
every iteration and adaptively adjusting stiffness parameters, the
method achieves robustness across a wide range of boundary con-
figurations. In particular, the ability to handle multi-boundary in-
teractions allows particles to respond to several boundary features
simultaneously, which enhances adaptability and enables accurate
restoration of sharp boundary geometries.

Pump render In Figure 2, both the initial water velocity and the an-
gular velocity of the rotor are set to twice the values shown in Fig-
ure 17. The water flow still remains stable at the cavity squeezed by
rotors, and no fluid particles interpenetrate into the moving bound-
ary.

Gear In Figure 3, the system contains a large number of sharp and
narrow boundaries in motion (the angular velocities of the front,
rear, and upper gears are 34.9rad/s, and the angular velocity of the
left gear is 17.4 rad/s). Despite this geometric complexity, the fluid
flow does not exhibit any abnormal behavior.

Some limitations remain. First, although reduced-order CCD
avoids the overhead of full geometric tests, it provides only an ap-
proximate collision condition. In highly dynamic scenes or under
very large time steps, this approximation may reduce accuracy. Sec-

© 2026 The Author(s).
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(b) Our method with time steps increasing from left to right: At = 3 ms, 6 ms, 9 ms.

Figure 18: Comparative evaluation of a jeep driving through water simulated using three time step sizes (At = 3ms, 6ms, and 9ms) with
1.59M particles. Particle velocities are color-coded. (a) The Chang et al. [CLH*20] method maintains splash features only at small time
steps, but at larger steps, it suffers from noticeable penetration, indicating reduced stability. (b) Our method preserves splash shape and
penetration-free across all time steps, demonstrating robustness to large time steps.

ond, it is recommended to use a triangular mesh with an element
size larger than that of the support domain. Otherwise, calculating
the signed distance from fluid particles to the mesh boundary may
become sensitive to particle positions, leading to fluctuations near
the boundary. Finally, the current framework focuses on one-way
boundary treatment, without modeling feedback forces on moving
or deformable solids. Extending the approach to handle more gen-
eral boundary motion remains a direction for future work.
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