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Projective Peridynamic Modeling of
Hyperelastic Membranes with Contact

Zixuan Lu, Xiaowei He, Yuzhong Guo, Xuehui Liu, Huamin Wang

Abstract Real-time simulation of hyperelastic membranes like cloth still faces a lot of challenges, such as hyperplasticity modeling
and contact handling. In this study, we propose projective peridynamics that uses a local-global strategy to enable fast and robust
simulation of hyperelastic membranes with contact. In the global step, we propose a semi-implicit strategy to linearize the governing
equation for hyperelastic materials that are modeled with peridynamics. By decomposing the rst Piola-Kirchhoff stress tensor into a
positive and a negative part, successive substitutions can be taken to solve the nonlinear problems. Convergence is guaranteed by
further addressing the overshooting problem. Since our global step solve requires no energy summation and dot product operations
over the entire problem, it ts into GPU implementation perfectly. In the local step, we further present a GPU-friendly gradient descent
method to prevent interpenetration by solving an optimization problem independently. Putting the global and local solves together,
experiments show that our method is robust and ef cient in simulating complex models of membranes involving hyperelastic materials

and contact.

Index Terms hyperelastic membranes, projective peridynamics, semi-implicit successive substitution method, contact handling

1 INTRODUCTION

ow to animate hyperelastic membranes with con-

tact at interactive rates or even in real-time has
been a long-standing challenge for computer graphics. For
real-time applications, to ensure the simulation ef ciency,
position-based dynamics [1], [2] simpli ed inner forces as
equality or inequality constraints, which can be largely sped
up via parallel implementations on GPU. However, this
method is associated with a problem that simulation results
are controlled by the number of iterations and the mesh
resolution, rather than a model with physical meanings [3],
[4], [5]- As a result, classical hyperelastic models cannot be
directly supported by position-based dynamics in general.
Certain reformulation or simpli cation should be done, e.g.,
by reformulating the energy density of neo-Hookean models
into compliant constraints [6]. As an alternative method
for real-time applications, projective dynamics [7] shows a
great potential in bridging the gap between accuracy and
ef ciency. Since the original form of projective dynamics
requires a special quadratic form of elastic potential en-
ergies, most hyperelastic materials are not supported. To
model more complex materials, He et al. [5] has recently pro-
posed the corotational formulation of peridynamics based
on projective dynamics, providing an attractive way for the
simulation of elastoplastic bodies exhibiting linear elastic
response. However, their method cannot be easily extended
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to simulate materials with nonlinear elastic response.

In terms of hyperelasticity solver, the Newton or quasi-
Newton methods are most commonly used. For example,
Liu et al. [8] proposed a quasi-Newton method to simulate
hyperelastic materials with the insight that projective dy-
namics can be reformulated as a quasi-Newton method. To
guarantee the convergence, the notorious line search should
be incorporated as a necessity to ensure stability. Its formal
expression can be stated as to nd a suf cient small step
length  for an objective function satisfying the following
Armijo condition [9]

o+ p) FO)+  ripa 1)

where () is the objective function, pi is a descent direction,
is called the step length and 2 (0;1) is a constant that
controls the step length size. However, the Armijo condition
is not enough by itself to ensure that the algorithm makes
reasonable progress because it is satis ed for all suf ciently
small values of [10]. In our practical implementation, we
nd the right choice for not only depends on f(X),
but also on how to choose the descent direction px. The
optimal value for may even change from iterations to
iterations. The dramatic demand for line-search iterations
could cause a sudden slow-down to the simulation, which
is a nightmare for real-time applications. Another dif culty
that encounter with the Armijo condition is the requirement
of dot product operations, making it rather inef cient for
implementation on GPU. To reduce the computational cost,
Wang and Yang [11] proposed to eliminate the dot product
by setting = 0 and do less line search by reusing values
of . However, both the problem with the Armijo condition
and the one with the expensive energy summation remain
unresolved.
Another dif culty in simulating hyperelastic membranes
is how to model contacts. Since real world contacts are
typically discontinuous, this make the contact problems
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very stiff. To decrease the stiffness of contact problems and
further make it differentiable, Incremental Potential Contact
(IPC) method [12] introduced smooth log-barrier function to
model the contacts. However, when hyperelasticity and con-
tacts are solved together, the diversity in problem stiffness
can quickly degenerate the overall simulation performance.

In this paper, we present projective peridynamics that
uses a local-global strategy to enable fast and robust sim-
ulation of hyperelastic membranes with contact. Hypere-
lasticity and contact terms are dedicated to be solved in
different steps. As a result, different numerical methods can
be used independently by fully exploiting features in each
step. To solve hyperelasticity for membranes, we propose
a semi-implicit successive substitution method with co-
dimensional extension in the global step, which is further
equipped with an analytical step length adjustment strategy
to avoid overshooting problems in line search. In the local
step, we extend the IPC solver and propose a novel gradient
method to prevent interpenetration. Both the global and
local solves are GPU-friendly and highly parallelizable.

To sum up, our technical contributions can be summa-
rized as

A projective model based on peridynamics to simu-
late hyperelastic membranes with contact.

A semi-implicit successive substitution method with
co-dimensional extension to ef ciently simulate hy-
perelastic materials in the global step.

A gradient descent method to solve contact in the
local step.

2 RELATED WORK
2.1 Peridynamics

As a nonlocal theory, peridynamics was formally estab-
lished by Silling [13] to model problems with disconti-
nuities, e.g., fracture simulation. The original form of the
peridynamic model is called the bond-based theory, which
relies on the assumption that the interaction forces between
a pair of particles are equal in magnitude and parallel to
the relative position vector in the deformed state [14], [15].
The problem with the bond-based peridynamics is that it is
not possible to de ne a Poisson’s ratio because it only cap-
tures a constant Poisson’s ratio of 0:33 for two-dimensional
and 0:25 for three-dimensional problems [16], [17], [18]. To
address this issue, a generalized formulation referred to as
state-based peridynamics was proposed [19]. The core in
the generalization is to introduce a mathematical tool called
state, which is able to model the response of a material at
a point that depends collectively on the deformation of all
bonds connected to the point. For example, a deformation
state can be de ned to map any bond onto its image under
the deformation. Within state-based peridynamics, Silling
and Lehoucq [20] proved that the elastic peridynamic model
converges to the classical model in the limit of small horizon
under certain assumptions. Lehoucq [21] also derived a
notion of a peridynamic stress tensor from nonlocal inter-
actions. That is to say, peridynamics is compatible with

nite element approximations in a certain function space.
On the other hand, given a hyperelastic model in classi-
cal elasticity theory, a state-based peridynamics model can

2

also be derived based on the classical constitutive model.
This has the advantage of enabling the description of the
deformation/damage process in peridynamics according to
well-established models [22]. For a recent survey on defor-
mation/damage modeling based on peridynamics, please
refer to [23].

2.2 Hyperelasticity solver

In the classical theory, nite element method (FEM) is the
most widely used method to simulate deformable objects.
Early researchers in computer graphics have mainly focused
on simulating linear elastic models due to its simplicity [24],
[25], [26]. However, for materials in the real world, the
linear elastic models usually can not accurately describe
the observed elastic behavior. A hyperelastic model is an
alternative option to describe the nonlinear stress strain
relationship. To capture nonlinear elastic behaviors, Wu et
al. [27] proposed adaptive nonlinear FEM with mass lump-
ing to achieve real time simulation of a 3D liver. However,
they only use an explicit method to take time integration
as the implicit method is computationally intensive and
may have poor convergence. Irving et al. [28] presented an
algorithm for the nite element simulation of elastoplastic
solids with explicit integration for the elastic forces. To
alleviate the stringent time step restrictions imposed by the
explicit integration method, Teran et al. [29] proposed to
solve nonlinear elastic materials using a modi ed Newton-
Raphson algorithm, which is computationally intensive. Xu
et al. [30] proposed to formulate the strain energy density
function using three principle stretches and solve nonlin-
ear elasticity with an implicit integration method, allowing
larger timestep and more stable performance compared to
the explicit method [28].

Different with force based method, position based dy-
namic [1], [2] solves motion and dynamic problem by re-
formulating generalized constraint with particles’ position.
This constraint projection based method is generalized to
projective dynamic method [7]. Projective dynamic method
decouples hyperelasticity energy density as a rest state man-
ifold constraints and distance measure, allowed constraints
independently being carried out. Wang and Yang [11] fur-
ther proposed a new gradient descent method using Jacobi
preconditioning and Chebyshev acceleration to accelerate
the convergence rate base on GPU for nonlinear elastic-
ity solving, obtaining real time simulation of a variety of
different hyperelastic materials. Rahul et al. [31] extended
projective dynamics to model a broad range of objective
functions including nonlinear models and hard constraints.
After showing that projective dynamics can be interpreted
as a quasi-Newton method, Liu et al. [8] proposed a quasi-
Newton solver equipped with a line search to simulate
hyperelastic materials. To accelerate the convergence rate,
Peng et al. [32] proposed to apply Anderson acceleration to
speed up the convergence of a local-global solver. Due to
the similarity of our method to a xed-point method, the
Anderson acceleration can directly applied to our method
to help accelerate the convergence rate.

2.3 Contact handling

For shell-like models, solving contact and self-collision
fastly and robustly still remains to be a great challenge.
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Provot [33] provided a collision handling framework which
treats contact zone as a rigid body and gave a continuous
collision detection algorithm for triangular-mesh-based dis-
cretization. Bridson et al. [34] combined impulse method
and penalty method together to introduce impulsive force to
separate penetrated triangle pairs away and repulsive force
to remove close proximity for potential penetration. Other
work also treated self-collision as a constraint problem [7],
[35]. Recently, Tang et al. [36] developed a GPU-friendly
impact zone solver by solving CCD culled constrained opti-
mization problem with augmented Lagrangian method. Wu
et al. [37] further developed a repulsion method on GPU,
which allows large time steps and is free of Lagrangian
multiplier, so that large but inexact iterative step is kept safe.
Li et al. [12], [38] developed a set of contact solver based on
Incremental Potential Contact, which enables surprisingly
robust contact handling for extreme large deformations.

3 OVERVIEW

For the sake of completeness, we rst present a brief in-
troduction to projective dynamics at the beginning of this
section, and then give more details on how to model hyper-
elastic membranes with projective peridynamics. With an
implicit Euler time integration for a deformable object with
contact, its variational form can be derived as [7]

1 1
oz M2y y) 2

where h is the time step size, y denotes the position of all
vertices (we use y instead of X to make it consistent with the
description of peridynamics), M is the mass matrix, y
yt+hyt'+h?M £t s the intermediate position calculated
from the previous position yt, velocity yt and the external
force f®t,  represents a summation of elastic potentials
that can account for deformations of stretching, bending,
shearing, etc. B (y) represents the barrier potential used to
penalize the collision [12]

d &?log(§); 0<d<d
d 4 ’

2
argmin o> st OMFBY);

B(d) = ©)

0;
where d'is a user-de ned threshold to prevent interpenetra-
tion, d is a function of y representing the closest proximal
distance for each pair of primitives.

In modeling hyperelastic materials with contact, both
and B may contain nonlinear terms, therefore the time-
consuming Newton-type methods are typically used to
solve the nonlinear optimization problem. To improve the
performance, projective dynamics [7] proposes to separate
a nonlinear objective function into the summation of a
guadratic part and non-quadratic constraints. For example,
the non-quadratic part in objective function (2) can be
viewed as a distance measure to a constraint manifold. The
problem is typically formulated as
L

m|n W

1 2
Mz(y y) _+

i
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where z; represents the i-th auxiliary variable for constraint

i, Aj and B; representing the constant coef cient matrices

in modeling distance measure, S; the constant selection

5 KAiSiy Bizik:+ c,(zi);

3

matrix and !; a non-negative constraint weightness, C; rep-
resenting the constraints for hyperelasticity con guration or
contact, ¢, an indicator function that evaluates to zero if
Ci(zi) = 0 and to +1 otherwise. The minimization of
distance measure to the constraint manifold is formulated
as M.
min ' kASiy  Bizike + ¢, (z) ()
which allows massive parallelization in the local step.
However, simply reformulating (y) and B (y) as in-
dependent constraints in the local step does not produce
physically correct results due to the stiffness diversity in
those two problems. Lan et al. [39] has already identi ed
two major challenges including the sticking and the jitter-
ing problems. To address those challenges, we propose to
reformulate the original objective function (2) as
VK ;

1 2 1
Mzly y) _+ W+ ke

sit: B(z) =0;

arg m|n2hz

(6)
where Aj; Bj and S; are set to the identity matrix | for
brevity. By realizing its essence of projective nature, a local-
global strategy can still be used to solve the above con-
strained optimization problem.

Level set of (E + ¥ + B)(-)

(a) Solve original problem.

(b) With constraint projection.

Fig. 1. An illustrative diagram on iteration process of the original vari-
ational problem with contact in (2) for an arbitrary method (e.g. New-
ton method) and our method with reformulation as (6) (right) which
combines constraint projection in local step. Here in the gures, we
denote E 1=2h%jjM*=2(y  y )jjz. The yellow points are the
marching result which gradually get close to the solution of variational
minimization problem through global iteration. For (a), such problem is
the original problem argminy E + + B, and for (b), such problem is
argminy E + . The bule points are constrained result, which always
projects the points from previous marching result to the constraint region
in local step. In our case, such regionis of B() = 0.

Figure 1(b) shows an illustrative outline of our method.
In the global step, our purpose is to solve the objective
function (6) iteratively by temporally neglecting all con-
straints. Then, in the local step, each constraint is solved
independently. Notice the dif culty lies in how to solve
the global step if the objective function (6) is not quadratic
anymore. Since the objective function in the global step is
equivalent to an implicit time integration, our solution is to
propose a substitution-type method which can both solve
nonlinear optimization ef ciently and t into the peridy-
namics framework well.

Algorithm 1 describes an overview of our local-global
strategy in simulating hyperelastic membranes with contact.
Here, Line 7 8 represent one iteration of solving material
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Fig. 2. Multi-layer elastic cloths drop under default gravity. Single layer
(left), three layers (middle) and six layers (right) situation are being
tested.

hyperelasticity in the global step while Line 11 represents
contact handling solved in the local step. More details on
how to discretize the objective function (6) are given in the
following context.

Algorithm 1: Projective Peridynamics

1 Input y& vt s h;t & so; ke

2 y*=0  yt+hy

3 ZK=0  yt

4 //We typically set eps = 1le *

s whilemax; yk yk'!? R >epsand k  max_iter

do

6 foreach vertex i do

7 Calculate Ak; sk; st //Eq. (26)
8 yk*1 = Jacobi(Ak; sk; st //Eq. (25)
9

end
10 Find active contact pairs.

n ZK+1 = Project(y"+1; zk; “h; '™ d) //Algorithm 2
yk+1 Zzk+1

13 end

14 yt+l yk

3.1 Basic theory of peridynamics

In the peridynamic model, let y(X; t) be the deformed posi-
tion at time t of the vertex X in the reference con guration
of a region B. By applying an implicit integration, the
deformation of a vertex i from time t to t + 1 is written
as

yirt =yi+hvith o vt = v+ M T ()
in which v; is the velocity, v; is the intermediate velocity
calculated as v; = v+ hM, &, M; is the mass matrix
(i.e., Mj = mjl), h is the time step, and fj is the total
internal force exerted on vertex i. Unlike FEM, the force
fi in peridynamics is modeled as an integration over a

4
neighborhood of x;. More speci cally, f; can be descretized

as >
fi = Vi Ii hXj
]

Xii Ij hXi Xj i Vj ) (8)

in which T is the force state describing the interaction force
between X; and X;, and V is the volume. Silling and
Lehoucq [20] demonstrate that if the deformation is suf -
ciently smooth, the peridynamic stress tensor converges to
a Piola-Kirchhoff stress tensor that is a function only of the
local deformation gradient tensor, as in the classical theory.
Therefore, suppose we have an expression for a stress tensor
in the classical theory, a peridynamic constitutive model that
is consistent with the model is derived as

Tihx;  xii = 4P P (x5 xi); )
where P represents the rst Piola-Kirchhoff stress which is
a function of the deformation gradient tensor F

(@] 1
X<
F=0@ 1@y vy xi)'AK L (10
i

1 is a scalar state acting as a weighting function, Kj is the
shape tensor calculated as

K = Xi)TI

J

i (X5 Xi) (X (11)

By combining equation (7) and (8), we obtain the follow-

ing system
mi yit Xf
hZVi I}_Fl hXj

hv, =

o
Xii I}_'_l hXi Xj i Vj : (12)

3.2 Kirchhoff-Love plate formulation

In simulating membranes that are modeled with only one
layer of triangles, it can be noted from equation (11) that
the shape tensor is not guaranteed to be positive de nite.
In other words, the standard form of peridynamics cannot
handle degenerate con gurations for codimensional materi-
als as the singular shape tensor may cause the simulation to
blow up. To address this limitation, we propose to reformu-
late both the shape tensor and deformation tensor based on
the Kirchhoff Love plate theory [40]. The Kirchhoff Love
plate theory is a mechanical model and a set of assump-
tion used to represent a three-dimensional thin plate (or
membrane) in two dimensional reference (named as mid-
surface in the following discussion, which is a reference
surface laid in middle between upper and lower surfaces
of the plate ). Three kinematic assumptions are used in
this theory, i.e., straight lines normal to the mid-surface
of the undeformed plate remain straight, normal to the
mid-surface, and unstretched after deformation. The length
of this normal between mid-surface and plate upper or
lower surface is modeled as thickness. Therefore, we are
able to extend the basic theory of peridynamics to describe
codimensional structures.
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We introduce a virtual bond that is normal to both the
undeformed and deformed mid-surfaces, denoted as x;
and y;7, respectively

P P ono!
x? = norm P23 y?= norm P13
J J J J
(13)

where represents the thickness of the membrane measured
from surface to the mid-surface, J is the index of all neigh-
boring triangles, j is inner angle of triangle J with apex
of vertex 1, ny is the triangle normal, and norm() is used
to normalize a vector. The superscript ! for and n is used
to denote quantities in the deformed con guration. With
virtual bonds introduced, the shape tensor K can be de ned
as

2

K = !ij (Xj Xi)(Xj Xi)T + X? Xi 3 (14)
J
where  represents the Kronecker product. Similarly, the
deformation gradient tensor F can be reformulated as
(o] 1
>
Fi=@  Ni(y; v x)T +y7 x7AK®

i
(15)

Note x; is de ned as the orthogonal complement of
all neighboring bonds hx;  Xii, the shape tensor Kj is
guaranteed to be nonsingular. As a result, the value of the
deformation gradient F; can be correctly calculated from
equation (15).

After extending peridynamics to model membranes, we
consider to solve equation (12). Note T is a nonlinear
function of the deformation gradient tensor in hyperelastic
models, how to solve above nonlinear system is a real
challenging task. In parallel computing, the Jacobi method
is most commonly used due to its well adaptation to GPU.
Unfortunately, the Jacobi method can only be used to solve
a system of linear equations. In the following context, we
develop a substitution-type method to solve nonlinear prob-
lems de ned in equation (12).

4 SEMI-IMPLICIT
METHOD

SUCCESSIVE  SUBSTITUTION

In a substitution-type method, if we would like to nd
the roots for a nonlinear equation f(x) = 0, we usually
start with initial guesses for all of the unknowns and then
loop around the equation to obtain better approximations.
To take successive iterations, we construct a function g(x)
satisfying

x=g9(x) O f(x)=0;

known as the xed-point problem. Finding a function sat-
isfying equation (16) is easy, e.g., we can just set g(x) =
T(x) + x. However, the dif culty is how to guarantee the
successive substitutions xK*1 = g(xK) will converge to
the root with the chosen g(x). Conditions for convergence
of successive substitution method provides us a suf cient
convergence criteria

(16)

jo’(x)j < L an)

Fig. 3. An illustration of the standard successive substitution method.

From Figure 3, it can be noted that if the convergence criteria
is strictly satis ed, x* will nally converge to root as k
increases. Otherwise, XK may diverge. In the following
context, we will talk about how to reformulate equation (12)
into a formula that can satisfy the convergence criterion in
equation (17). Motivated by the projective peridynamics [5],
we separate the force state T; hx;  X;i into two parts

Tihx; xii =T hx;  xii+T; hx;  Xii; (18)
where T} hx;  X;ii will be further formulated as a function
of yj yiwhile T; hx; X;i still remain as a function of
Xj  Xi. The superscript + indicates the coef cients of X;
Xj are guaranteed to be positive while the superscript
indicates the coef cients of X;  X; are guaranteed to be
negative. For isotropic materials, Teran et al. [29] pointed out
that the rst Piola-Kirchhoff stress tensor can be factorized
into the following form
Pi=UP; Fi V], (19)

where F; is the diagonal matrix obtained from the standard
singular value decomposition of F;j = UiI&iViT, Ie’i is a
function of £; which is also a diagonal matrix. By splitting
P; into two components, we have

Pi =UiP F V] +UiP, F; VI; (20)
where P;" represents the positive component of P; while
I5i the negative component. With the above separation, the
positive part of the force state can be reformulated as

IT hXj Xii = !ijPrKi 1 (Xj Xi)
= L;UiPT B VIK ViR Ul ()
(i Vi):

by applying an approximation y;j Vi Fi (X5 Xi)

during the derivation. In a similar way, the negative part
of the force state can be reformulated as

Ii hXj Xii = !ijPi Ki 1 (Xj Xi)

(22)
= !ijUiISi ﬁi V;rKi 1 (Xj Xi)Z

To further simplify the force state, we assume the shape
tensor Kj in equation (21) and (22) is isotropic and its value
can be calculated analytically according to the following
formula

Xi)Tde = E

5.
5 b

Ki = (Xj

Xi) (Xj (23)
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Fig. 4. Convergence illustration on how to nd the intersection point betweeny = x andy = (x

(b)

2)2. Starting with an initial guess of x = 0:5,

(a) the standard successive substitution method fails to converge while (b) our semi-implicit successive substitution method succeeds in nding the
solution. Refer to (c) for a snapshot of the convergence routine of our method.

where H; represents a spherical neighborhood of radius r;j
centered at X; and | represents the identity matrix. By substi-
tuting the analytical solution of Kj into both equation (21)
and (22), a simpli ed form of the force state can nally be
de ned as

Tihxg  xii= UiPy B FTUT (v v+
iUi'Si ﬁi V;r (Xj Xi);
(24)
where = i—g ri°. Note when equation (24) is solved with

our semi-implicit successive substitution method, we make
a special treatment to handle the rst term of RHS in an
implicit way while the second term in an explicit way. Sub-
stituting equation (24) into equation (12), the semi-implicit
governing equation for a nonlinear system can nally be
de ned as

o 1
1 X
Yt = mil+AF @ AKyK+sk+siA; (25)
]
where
Al =12V UPTE TUT + U PTR U Y,
Sli(:hzvi iUiﬁi V;r+ jUjﬁj V;r Vj (Xj Xi)
s = 0y yi +hv;
Ak = jA';j:
(26)

Please note equation (25) is now in a form of x**1 = g(x¥),
which can be easily solved with successive substitutions.
The question is whether y%“l will converge to a global
solution as k increases? As shown in equation (20), (21) and
(26), the coef cient matrix AK is symmetrical and positive
de nite. Therefore, by checking the convergent criterion, we
have

X
AE‘J- <1 k=0:1;
i

m;l + A (27)

Notice if we do not update the coef cients in equation (25)
at each iteration, y**1 will absolutely converge to a root of

eqgiuation (25). However, without simultaneously updating
the coef cients in equation (25), the roots are not guaranteed
to converge to the solution of the nonlinear system (12).
This requires us to update Ajj, A;j and s; right after each
global iteration is taken until the global terminal criterion is
reached. At that time, the nonlinear equations (7) and (12)
are established implicitly.

4.1 Convergence and Performance

To demonstrate how our semi-implicit successive substi-
tution method works, we rst consider a simple one di-
mensional spring whose governing equation is written as
Xo = (X0 X1 1)?ina position-based manner. Here, Xo and
X1 represent the one-dimensional coordinates of two spring
ends. By xing one end, e.g., setting X; = 1, the governing
equation for the other spring end is written as

Xo=(Xo 2)°

g (Xo): (28)

Starting with an initial guess of xg = 0:5, it can be noticed
from Figure 4(a) that the standard successive substitution
method fails to nd a converged solution while Figure 4(b)
shows our method is able to nd the converged solution.
In our semi-implicit successive substitution method, the
de nition of g (Xp) at k-th iteration is rst converted into
a linearized semi-implicit equation

k2

k+1 k+1
4x + X
0 0

K.
h xg;Xg

+ 4 (29)

Therefore, solving x5** 4xE*L + XK 4+ ais equiv-
alent to nd an intersection point between vy X and
y = 4x+ x'g 2+4, as was demonstrated in Figure 4(c). No-

tice when the linearized function h x; x§** is updated at

each iteration, the sequence x'g is guaranteed to converge to
one of the solution of equation (28).
Now let us consider a general dynamics problem and de-
ne its governing equations as the following multivariable
functions

X=g(X): (30)

To take one iteration, g (X) is rst converted into a linearized
semi-implicit equation h(xK*1; xX) at the beginning of each
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Fig. 5. Demonstration of the overshooting problem. As the sequence
xX approaches the local minima of the energy function, the gradient
magnitude of the linearized semi-implicit equation h(x'g;x'(;”) can
become larger than the gradient magnitude of the energy function, which
could possibly cause the sequence x¥ to oscillate around the global
solution.

iteration. Then, the intersection point x<*1 between the
two hyperplanes y = x and y = h(x;xX) is calculated
by solving the linear system of equation x = h(x;xK).
As the iteration number increases, the sequence x**1 is
expected to converge to a global solution of the dynamics
problem de ned in equation (30). However, for an arbitrary
function of g(x), the semi-implicit successive substitution
method still suffers from the overshooting problem, as was
demonstrated in Fig. 5. Note as xK approaches the global
solution x , the gradient magnitude of linearized semi-

implicit equation h xf;x5** can nally become larger
than the gradient magnitude of the original function. As
a result, further substitution iterations may cause the se-
quence XX to oscillate around the global solution.
To address the overshooting problem, our solution is to
adjust the step length as follows
Xl =k o xxK (31)
where j 2 [0;1] represents the step length for vertex i.
In the standard gradient descent methods, a backtracking
line search is typically applied to nd the feasible step
size. Starting from an initial guess for , eg., o = 1,
the value of  will be halved until the Wolfe or Goldstein
conditions are reached. The problem with this standard
strategy is that it can waste a lot of iterations during the
backtracking process [11]. In our work, we propose a new
step length search method by only taking account of the
current deformation state. Given xK, we rst reformulate
the energy density function E (X) into a rst-order Taylor
polynomial de ned as

E_
0Ei XKL oxko (32)
@x;
Since the new energy density function is guaranteed to be
non-negative and % xk+1 XE< 0, an upper limit for

E(x)=E x¢ +

1

i can naturally be de ned as
2 3

E xK

k+1

1

i =min4 o 115: (33)

@x;i

xK

X i

7

Note ; can be calculated independently for each vertex,
which makes our method quite suitable for GPU implemen-
tation. In addition, our method requires no iterative strategy
to adjust the step length because the upper limit of ;
has already provides a suf cient condition to guarantee the
convergence. In a practical implementation, the value of the
denominator can be zero due to the rounding errors resulted
from oating-point calculations. To avoid being divided by
zero, we simply set ; = 1 if the denominator value is
smaller than a prede ned threshold, e.g., 10 © for single
precision operations.

—— Jacobi iteration = 1
Jacobi iteration = 10
—— Jacobi iteration = 50
—— Jacobi iteration = 100
—— Jacobi iteration = 500

10 —— Jacobi iteration = 1
Jacobi iteration = 10
—— Jacobi iteration = 50
—— Jacobi iteration = 100
10t —— Jacobi iteration = 500

Relative Error
Relative Error

10
14 16 18 20 0 50 100 150 200 250 300
Time (ms)

0 2 4 6 8 10 12

Iterations

@) (b)

Fig. 6. The convergence of our method with different Jacobi iteration
numbers in solving equation (25). By using more Jacobi iterations, the
semi-implicit successive substitution can accelerate the convergence
rate. However, the total computational cost is increased.

The full procedure of our method is now quite similar
to the Newton Raphson method except that our method
takes one additional operation to adjust the step length. In
addition, our method imposes no restriction on the accuracy
in solving the linear system of equations X = h(x; xK). Due
to our step length adjustment strategy, our method is exible
enough to solve the linearized semi-implicit equation at ar-
bitrary accuracy. Figure 6(a) demonstrates how the accuracy
in solving the linearized semi-implicit equation can affect
the global convergence rates. Generally speaking, the more
accurate we solve the linearized semi-implicit equation, the
faster convergence rate can be achieved. However, there
exists a performance balance between the global iteration
number and the inner iteration number. Figure 6(b) shows
that increasing the iteration number in solving the linearized
semi-implicit equation can signi cantly increase the total
computational cost. Therefore, in our practical implemen-
tation, we usually take only one Jacobi iteration to solve
x = h(x; xX) and the new sequence is found to converge to
the global solution well.

5 HYPERELASTIC MODELING OF MEMBRANES

In this section, we will give details on how to decompose
the rst Piola-Kirchhoff stress tensor for hyperplastic mate-
rials. According to the continuum theory, the strain-energy
density function (l;1;13) of an isotropic hyperelastic
material is de ned by the three invariants of the right
Cauchy-Green deformation tensor C = F' F:

I, =trace(C)= 3+ 3+ 3

I,b=C:C= }+ 4+ }

Is3=det(C)= 1 3 3:

(34)
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Following [28], [30], the diagonal rst Piola-Kirchhoff stress

tensor can be derived as
(35)

Taking the compressible neo-Hookean material for ex-
ample, its strain energy density function is formulated as

pP_— 2
Inlg)+s; I3 1 ;

= So (|1 3 (36)
we have
I s 15127
@—:230m+2s1—3 2 0 4,3 (37)
@ m m m m
Therefore, we succeed in decomposing P into
|
ﬁ;;m =25 m+ 23173
AP 38)
SO |31=2 ) (

which absolutely obeys the decomposition principle as well.

However, if we try to model hyperelasticity for shell-like
objects with standard hyperelastic energy density functions,
several dif culties can be encountered. For example, since
normal principle stretch used to calculate the third invariant
I3 can be relatively small for codimensional materials, the
force arisen from the second term in equation (35) can
be quite sensitive to the deformation. Besides, the Poisson
effect makes it hard to control the stretching and bending for
membranes independently. Motivated by the common way
to decouple stretching and bending strain for membranes
in [41], [42], [43], [44], we propose to use two speci ¢ energy
models that can be well adapted into our framework and
control stretching and bending separately.

5.1 Stretching

To better modeling stretching for membranes, we propose to
use the following user-de ned hyperelasticity model using
principle of strain j:

=80 (As( 1) + As( 2) +As( 3)); (39)
where Agj is a special case of A, proposed by [45]
1 Sn+l 1 S n+1 1
An= (g o) (40)

The corresponding P can be decomposed into two parts as
followed:

3
Phim =55
) (41)
Pmom= So——3:
3 m

5.2 Bending

To allow modeling membrane bending independently, the
bending force should disappear for con gurations under
the rest, pure rotational and stretching states (i.e. gradient
deformation tensor is diagonal). In order to satisfy the above
constraints, we extend the meshless bending model in Wu
et al. [37] and make a further derivation to make the nal

8

form of the bending force compatible with our semi-implicit
solver. The bending energy density function on each vertex
is de ned as
ki, ><
Eib = ?b kGi(Xj
J

Xi)K3 ; (42)
where Ky is constant parameter for bending control, G =
FTF 1 1 can be viewed as a bending measurement. It is
easy to verify that this measurement can t into our method
as well. By taking the approximation of yj yi  Fi(X;j
Xj), the bending force derived from ryEE’ can be written
as

b he. . TeE 10y, . iy, «.)-
Tihx; Xii =keF; "F; “(yj Yi) keF; (X5 Xi): (43)
Notice equation (43) resembles the force state formulation
de ned in equation (24). Therefore, both the stretching and
bending energy can be ef ciently solved with our semi-
implicit successive substitution method.

To sum up, a global step to solve the membrane can
be formulated by equation (25) with A and si de ned as
follows

Al =h?v; GURBTE TUT + U PR TUT )
1 1
+ko(FiF7) ~+ko(F5F]) Vs
>
s'i‘=h2Vi iUiISi V;r+ jUjISi V}-

j (45)
kai 1 kaj 1 Vj (Xj Xi):

Figure 8 and Figure 7 demonstrate how parameter sg
and ky, in uence the deformation behavior of a hyperelastic
cloth. Generally, a larger value of sy generate more stiff
stretching behaviors, while a larger value of k, brings more
resistance to folding and buckling. Notice, the two param-
eters can be independently adjusted to control different
deformation behaviors.

6 CONTACT HANDLING

Notice the global step solve cannot guarantee vertex po-
sitions remain interpenetration-free. Therefore, a local step
should be taken in order to avoid interpenetration. Given
the vertex positions y* after one global step, two objectives
should be ful lled after taking the local step solve. Firstly,
vertex positions z should remain as close as to yX, i.e.,
the projection point. Secondly, the constraint B(z) = 0 is
ful lled for membrane modeling with a nite thickness of .
According to objective function (6), the general formulation
for the contact problem in the local step can be written as

argmins z Yk o st B(z) = 0: (46)
gmns 2 ¥, st -

According to the numerical optimization theory, the
above constrained optimization problem actually can be
reformulated into the following unconstrained optimization

problem
1
. > ’
argminB(z) := -
z

K 2 X<
5 Zi Vit Be(z) ; (47)

i c
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@0 (b) 0:1

(©1 (d) 10

Fig. 7. Bending stiffness test. A cloth drops onto a table with some books under default gravity. The stretching stiffness sg is set to a constant 8000,

while the bending stiffness ky issetto0 ;0:1 ;1 and 10

(@) 0:1 (b) 1

(c) 10

Fig. 8. Stretching stiffness test. The cloth is dangling down under 20
times the default gravity. From left to right, the stretching stiffness sq is
setto0:1 ;1 and 10 500, while the bending stiffness is set to 0 for
all simulations.

where is a constant weight, i represents the vertex index, ¢
represents the contact pair. Note the rst term % zi Yk 2
acts like a momentum potential to prevent vertices from
getting too far away. The second term is used to penalize the
collision. In the following context, we will present a gradient
descent method to solve the unconstrained optimization
problem, as demonstrated in Algorithm 2. Note all steps
in our local step solve is highly parallelizable and can be
easily implemented on modern GPUs.

6.1 Direction of gradient descent

In this section, we rst
discuss how to de ne a
well-chosen descent direc-
tion that can decrease the
total potential energy grad-
ually.

If we consider the col-
lision detection between a
pair of triangles, the CCD
test between the two triangles actually reduces to per-
forming 6 vertex-triangle queries and 9 edge-edge queries.
Without loss of generality, let us consider the edge-edge
case in the right gure to demonstrate how to calculate the
gradient descent direction. By denoting the two triangle as |
and J, the distance between triangle I and J can be de ned
as

dyy =arg rp;inJ aipiC 1) pa( Aij2); (48)

where p; and pj represent a point locating inside triangle
I and J, respectively, | and j represent the barycentric

240 from left to right.

Algorithm 2: Contact Handling in the Local Step

1 Project(y®; zK %; ;h;™;d)

2 Zm=0 yk

s whilemax; z" z" !
do

>epsand m  max_ite

2

4 | foreach triangle, do
foreach (triy;triy) is activated, do
6 ty3 = AdditiveCCD(triy; triy; h;z™;zK 1)
//sets = 0:1; t. = 0:95 for original
ACCD algorithm
7 end
8 iftj; <1lthen
9 | Insert (triy; triy) into ContactL ist
10 end
11 t = minJ (t|J)
12 end
13 foreach vertex i do
14 ti = Minizyi, (ts)
15 if t; < 1 and t; > threshold then
16 ‘ z" (" z'i‘ 1)ti + z'i‘ 1
17 end
18 end
19 foreach (triy;triz) 2 ContactList do
20 Calculate py;pg;dig (Section 6.1)
21 Calculate |} fori 2 tri
22 Calculate ! fori 2 triy
23 end
24 foreach vertex i do
25 Calculate d) ; =f(dy3) ; 8triy ;i 2 triy
(Section 6.2)
26 Calculate g; (Section 6.1)
27 end
28 Calculate step length (Section 6.2)
29 foreach vertex i do
30 AR
31 end

32 end
33 returnzk  zM

coordinates. If we insert above equation into (47), the gradi-
ent descent direction for vertex i can then be calculated by
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taking derivative of B(z) with respect to z;

gi= IrzB, #
<X )2 d
= 7 G O, g B
| dIJ
norm(dy ;) +y{  zi
) (49)
where | represents the barycentric coordinate for vertex i
in triangle 1.

6.2 Step length adjustment

Unlike solving traditional unconstrained optimization prob-
lem, the feasible set of y in our problem is further con-
strained by the thickness of membrane. More precisely, we
require the unsigned distance between any pair of primi-
tives to satisfy the following strict inequal condition:
dis =diy >0 (50)
To ful Il above condition, one practice is to take the
Additive CCD algorithm [38] to nd a lower bound of time-
of-impact t;j for each pair of primitives and then clamp
the vertex position according to Line 4 18 in Algorithm (2).
However, directly clamping the vertex position by the time-
of-impact may introduce sticking artifacts, just as pointed
out by Wang et al. [46]. Therefore, we propose to rescale the
step length according the time-of-impact. More precisely, the
time-of-impact will be used to clamp vertex position only
if it is greater than a prede ned threshold. We then use a
C?! piecewise continuous function to rescale the proximal
distance d, j as follows

8
%(1 +"); d

— 1 2 "y o, " .
f@= @ Y+a+n: <d @+2)
- d; 1+2" <d

(1)

where " is a user-de ned minimal separation multiplier

(which is typically set to 1e ' or le 2 in our current
implementation). If we replace d;; with f(d,3), it can be
veri ed that condition (50) stands forever given a positive
mininal separation multiplier ", i.e., d\u > " | Besides, it
can further be veri ed that the rst derivative of the barrier
function BY (d) is bounded, as shown in Figure 9.

2

15

(1+2¢)
(1+g)
1

(x§)

0.5

0 (x§)

05 1 (1+28) 1.5 2

(a) f(d) (b) B (d) ]
Fig. 9. (a)The diagram of refactor function in (51). In this case, we
set " = 0:1. (b)The corresponding barrier function derivative jB? (d) j
after adopting distance refact with = 0:2;0:3 and 0:5: {'is set to a
normalized number 1:0, denoted 1 times of primitive unit.

10

After we insert (50) into equation (49), the question
becomes how to calculate a suitable step length  that would
gradually minimize the object function as follows

BzM+ g) <B(z™M): (52)
A simple yet effective approach is to use a backtracking
line search approach to reduce an initial guess until the
Wolfe condition gets satis ed. However, this could waste
a bunch of iterations during the backtracking process. In
fact, the boundedness of B (d) allows us to guess an up-
per bound for the step length. By requiring the maximum
position change at each iteration is no greater than " |, i.e.,
m;’;lx k gik " ,anupperbound for can easily be derived
as

; 53
0djB" (d) je + & 9

where djB’ (d) je represents the ppper bound of B (d)j, o
is an estimated upper bound of |, |, d'is an upper bound
of y¥ z .

7 RESULTS AND DISCUSSION

All experiments are implemented in C++ and CUDA and
are executed on 11th Gen Intel(R) Core(TM) i9-11900K CPU
@3.5GHz 8 with 32GB memory and NVIDIA RTX A4000
GPU. Table 1 shows all statistics for the experiments.

7.1 Thickness modelling

In this set of experiments, an elastic cylinder is being twisted
with an angular velocity I = 1 rad/s. The two ends of
the cylinder are twisted in opposite directions. Figure 10
demonstrates the different central cylinder as we choose
different values for the cloth thickness

A\

(b) Phase difference at 2:39 rad.

Fig. 10. Elastic cylinders rotate.
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7.2 Deformation, contact and separation

In this example, we provide a set of experiments to test de-
formation, contact and separation for two objects. A panda-
shape elastic shell is ejected to hit an elastic cloth-like target
with an initial velocity v = 15 m/s and density = 1000
kg/m?3. Both the panda-shape shell and cloth target are set
to the same material. As the panda-shape shell hits the
target, contact forces between two objects helps decelerate
the speed of the shell. Then, the two objects separate and no
unnatural locking artifacts can be observed. After changing
the material stiffness sg, distinctive deformation behaviors
can also be observed. Notice as the material stiffness sqg is
decreased, the panda appears to be softer.

(a) so = 2000 (b) so = 8000 (c) so = 40000

Fig. 11. Shooting panda. The stretching stiffness sg is set to 2000, 8000
and 40000 from left to right while the bending stiffness is set to 0:005 sg
for all simulations.

7.3

Figure 12 demonstrates an example to show interactive
cloth simulation with mouse interactions. In this con gu-
ration, contact with the avatar is handled with SDF-based
constraints while inner contact among the cloth is handled
with our local step solver. The supplementary video shows
that this complex example can be run at an interactive
speed even when a large scale of primitives and contact get
involved.

Interactive cloth simulation

7.4 Comparison to descent methods [11]

We set up an example similar to Figure 7 and compare our
semi-implicit successive substitution method to the gradient
descent method in Wang and Yang [11]. No self-contact is
handled so that only the elasticity solver is tested. Besides,
we model the cloth with a triangular mesh within our
method, while a tetrahedral mesh with Wang and Yang’s
method (i.e., a single layer of tetrahedrons along thickness

11

Fig. 12. Interactive cloth simulation with contact. For the short skirt
scenario, simulation runs in average 1/22s per step with the time step
size h = 1e 2. For the long dress scenario, simulation runs in average
1/8s per step with the time step size h = 2e 3. The latter example runs
slower because it involves more self-collision pairs.

direction). To be fair, we keep vertex numbers the same for
both methods. The compressible neo-Hookean model [47] is
used and the two Lame parameters are set to so = 4:8¢” and
s1 = 1:2e’, respectively. The timestep is set to 1ms. The rel-

ative error at k-th iterationisde nedtobe = %
where E is the total variational energy, y° is the initial guess,
yX is the solution at k-th iteration and y is the global mini-
mum (in our practical implementation, y is chosen to be the
result solution after 500 iterations steps are taken for each
method, which is suf cient to converge). Figure 13 shows
statistics on the convergence and time cost at the 20-th
frame when the cloth is stretched longest for both methods.
First of all, it can be noted that our method achieves a fast
convergence rate at the rst dozens of iterations. However,
the convergence rate gradually slows down as the iteration
number is further increased, just similar to a standard Jacobi
iterative method. Besides, it can be noted from Figure 13
(bottom) that our method takes lower computational cost in
taking one iteration due to the ef cient analytical step length
adjustment method, instead of backtracking line search to
seek descend step length which is used in Wang and Yang’s
method. Finally, both methods can be accelerated by taking
the Chebyshev method.

8 CONCLUSION AND LIMITATIONS

We present a stable and ef cient semi-implicit successive
substitution method for simulating hyperelastic membranes
with contact based on peridynamics. Inspired by the x-
point iterative method, we separate inner elastic force into
an implicit positive part and an explicit negative part to
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#\ertex, Max, Min s Jy
Name #Face mesh size Position h So kp ( so) (mm) | d( ) | g( default)

(single layer) 00121 Figure 2 left le-3 12000 0.1 15 4 1.0

Cloths over Ball 40.0K, 0.0085‘ Figure 2 middle le-3 12000 0.1 15 4 1.0
79.2K ’ Figure 2 right le-3 | 12000 0.1 15 4 1.0
Figure 8 left le-4 50 0 2.4 4 20.0
Cloth Drop 1;;43? %%&i Figure 8 middle le-4 500 0 2.4 4 20.0
' ' Figure 8 right le-4 5000 0 2.4 4 20.0

Figure 7 upper left le-3 8000 0 14 4 1.0

Antependium Drop 40.0K, 0.0071, Figure 7 upper right le-3 8000 0.003 14 4 1.0
on Table 79.2K 0.0050 Figure 7 bottom left le-3 8000 0.03 1.4 4 1.0
Figure 7 bottom right | 1e-3 8000 0.3 14 4 1.0

. . 0.32M, 0.0108, Figure 10 left le-3 1200 0.1 3.2 4 0

Twisting Cylinder 0.64M 00075 | Figure 10 right 1e3 | 1200 0.1 16 4 0
Figure 11 left Se-4 2000 0.005 6.1 4 1.0

Shooting Panda arat 0007 | Figure 11 middle Se-4 | 8000 | 0.005 6.1 4 1.0

’ ’ Figure 11 right 5e-4 | 40000 0.005 6.1 4 1.0

. 14.3K, 0.0393, .
Short Skirt 28.3K 0.0076 Figure 12 top le-3 12000 0.01 3.9 4 1.0
32.8K, 0.0242, -
Long Dress 64.8K 0.0003 Figure 12 bottom 2e-3 12000 0.01 2.4 4 0.1

TABLE 1
Statistics and simulation parameters of all examples.

which could possibly be caused by inexact gradient de-
scend direction when both sides of the mid-layer generate
active contact pairs. Besides, our method cannot implement
strict controllable strain limits for elasticity when simulating
shell-like materials. For our further work, we would rst
try to test with other collision detection algorithms in the
local step. Then, since the proposed semi-implicit successive
substitution method is general, we would like to apply it to
solve constraints in other applications, e.g. rigid body dy-
namics. Finally, we would like to study on how to simulate
other material models that involve both nonlinearity and
contact.
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Fig. 13. Comparison to Wang and Yang [11] with/without Chebyshev
acceleration. Relative error over iteration step and running time is shown
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