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Shallow Sand Equations: Real-Time Height
Field Simulation of Dry Granular Flows

Kuixin Zhu, Xiaowei He, Sheng Li, Hongan Wang and Guoping Wang

Abstract—Granular media is the second-most-manipulated substance on Earth, second only to water. However, simulation of granular
media is still challenging due to the complexity of granular materials and the large number of discrete solid particles. As we know, dry
granular materials could form a hybrid state between a fluid and a solid, therefore we propose a two-layer model and divide the
simulation domain into a dilute layer, where granules can move freely as a fluid, and a dense layer, where granules act more like a
solid. Motivated by the shallow water equations, we derive a set of shallow sand equations for modeling dry granular flows by
depth-integrating three-dimensional governing equations along its vertical direction. Unlike previous methods for simulating a 2D
granular media, our model does not restrict the depth of the granular media to be shallow anymore. To allow efficient fluid-solid
interactions, we also present a ray casting algorithm for one-way solid-fluid coupling. Finally, we introduce a particle-tracking method to
improve the visual representation. Our method can be efficiently implemented based on a height field and is fully compatible with
modern GPUs, therefore allows us to simulate large-scale dry granular flows in real time.

Index Terms—shallow sand equations, dry granular media, real-time simulation
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1 INTRODUCTION

G Ranular media, after water, is the second-most-
manipulated substance by man on Earth [1]. Strictly

speaking, a granular material is a collection of large number
of discrete solid particles with interstices filled with a fluid
or gas [2]. It shows distinctive behaviors that manifest itself
either like that of a solid or a fluid. For instance, flour can
both pack like a solid and flow like a fluid. Researchers
in computer graphics have simulated various scenarios of
granular flows, such as snow [3], [4], debris [5], [6], [7] and
dry/wet sands [8], [9], [10]. It has been shown that the
dynamic behaviors of granular flows not only depend on
the particle mass, but also on other factors such as particle
size, particle shape, water saturation, etc. How to simulate
a large-scale granular flow that contains millions or even
billions of granules has long been believed to be a tough
challenging for numerical simulation.

In this paper, we consider how to simulate dry granular
flows efficiently. If the granule size is large enough (e.g.,
size d > 100µm) and the viscosity of the interstitial fluid is
small, it is reasonable to neglect all subtle forces such as elec-
trostatic, aerodynamic and capillary forces [11]. Therefore,
we can model a dry granular flow by only considering the
transfer of momentum and energy dissipation, where the
cohesion is simply neglected. Within continuum mechanics,
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a dry granular flow can either be modeled approximately
as a unilateral incompressible fluid [8] or a Drucker-Prager
elastoplastic material [9], both of which achieved realistic
simulation results. However, for large-scale scenarios, it is
still impractical to apply these models for real-time applica-
tions.

Motivated by the success of the shallow water equations
used for simulating large-scale fluids, we develop a set of
governing equations, which we call shallow sand equations,
to model the dynamics for dry granular flows whose vertical
length scale is much smaller than the horizontal length scale.
The term “shallow” is used here with a motivation from
the S-H model [12] which applies a shallowness assumption
when investigating the idealized problem of a finite mass
of material released from rest on a rough inclined plane.
Due to the fact that a dry granular material could form
a hybrid state between a fluid and a solid, we divide the
simulation domain into two layers where one is treated as a
shallow fluid while the other as a static solid. The shallow
sand equations can then be derived by integrating three-
dimensional governing equations along its vertical depth.
All components of our method can be efficiently solved on
GPU in parallel, achieving real-time simulations for large-
scale dry granular flows. We also present a ray casting
algorithm for one-way solid-fluid coupling and a particle-
tracking method to improve the visual effects. Our method
is able to simulate large-scale dry granular flows and fluid-
solid interactions in real time, as shown in Figure 1 and 17.

To summarize, the contributions of this paper are

• A set of shallow sand equations that realistically
capture complex behaviors of dry granular flows,
such as sand pilings with different friction angles.

• A ray casting algorithm for efficient one-way solid-
fluid couplings.
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Fig. 1. Butterfly. A butterfly is drawn with a wooden stick, which is then flattened by a long wooden block.

• A particle-based tracking method with adjustable
resolution of particles to enrich visual details for dry
granular flows.

2 RELATED WORK

Particle-based approaches Due to the particle nature of
granular flows, researchers in computer graphics have
mainly applied particle methods to model granular materi-
als. Luciani et al. [13] directly modeled interactions between
individual particles. Bell et al. [14] presented an efficient
discrete element method to simulate granular flows and
two-way coupling with direct interactions between rigid-
motion-constrained collections of spheres. Rungjiratananon
et al. [15] combined SPH and DEM together to model
interactions between fluids and granular materials. Lenaerts
and Dutré [16] instead proposed a unified smoothed parti-
cle hydrodynamics(SPH) framework to simulate both flu-
ids and granular materials. Alduán and Otaduy [17] also
modeled granular flows under the SPH framework, but
extended to model the force of friction with a predictive-
corrective scheme. Besides, Alduán et al. [18] tried to reduce
the computational cost with a spatial decomposition of
the computation of internal and external forces. Chang et
al. [19] proposed a modified Hooke′s law to handle the
friction between grains. Longmore et al. [20] implemented
a discrete element method on GPU which greatly improves
the simulation performance. To improve the visual quality,
Ihmsen et al. [21] simulated granular flows on coarsely
sampled particles first, then embedded high-resolution par-
ticles using a pure Lagrangian method. The idea of coupling
highly resolved particles with the base simulation motivates
us to embed a high resolution of particles at the top of the
height field to enrich visual details. To uniformly handle
deformable bodies and granular materials, Yan et al. [22]
introduced a multiphase fluid SPH framework. He et al. [10]
has recently proposed an elastoplastic material model based
on projective peridynamics that can be easily extended to
simulate both dry and wet sand.

Continuum approaches Although particle-based meth-
ods have been widely used in computer graphics, the dis-
advantages are obvious. Simulating a large-scale scenario
containing millions of particles is usually computation-
ally prohibitive for real-time applications. Therefore, other
researchers instead use a continuum approach to model
the granular media as a continuous material. Zhu and
Bridson [23] first implemented a modified Particle-in-Cell
method and simulated sand as an incompressible fluid.
Narain et al. [8] improved their work by assuming that
the dry sand is unilaterally incompressible and solved its

dynamics as a quadratic optimization problem with KKT
conditions, which effectively removes the cohesion artifacts
associated with incompressibility. To improve the perfor-
mance, Nkulikiyimfura et al. [24] realized a GPU version
of Zhu and Bridson’s approach. Klár [9] used the Material
Point Method (MPM) equipped with the Drucker-Prager
plastic flow model for sand animation, producing appealing
behaviors of sand flowing and piling. Daviet and Bertails-
Descoubes [25] proposed a semi-implicit discrete scheme for
the realistic simulation of large-scale free-flowing granular
materials. Gao et al. [26] recently accelerated MPM simula-
tion with GPU optimization. To reduce the computational
cost, Yue et al. [27] proposed to hybridize the discrete and
continuum approaches to simulate granular materials. In
some sense, our method is quite similar to MPM since both
methods apply an Eulerian grid together with embedded
particles to solve granular flows. However, since MPM uses
3D Eulerian grids to solve the dynamics of granular flows,
its performance still cannot satisfy the requirements of real-
time applications.

Height-field-based approaches An alternative solution
to further improve the simulation efficiency is to use a
height field for sand animation. The most widely used
theory was developed by Savage and Hutter [12], which
is termed as the S-H model. However, the S-H model is
only valid when the “downhill” velocity and its variation
are much larger than those in the lateral direction [28].
Several improvements were proposed by other researchers
under the shallowness assumption [29], [30]. In contrast to
the S-H model, the Hungr model is proposed with a strain-
related expression for the earth pressure coefficient based on
conventional loading and unloading experiments with soil,
which is only targeted at simulating rapid landslides [31],
[32]. In computer graphics, Li and Moshell [33] applied
analytic methods based on soil properties and Newtonian
physics to model soil slippage and soil manipulations. Sum-
ner et al. [34] used deformable surface ground to model
sand, mud and snow. Onoue and Nishita [35] proposed a
non-physical editing method to deform the ground surface
for rigid body interactions. Zhu and Yang [36] also tried
to accelerating the sand animation by simulating sand as a
surface flow. As far as we know, none of these methods are
suitable for realistic real-time applications yet, e.g., digital
sand painting.

Digital arts For real-time digital arts, performance
should always be considered at first priority. Therefore,
Kazi et al. [37] optimized the work of Sumner et al. [34]
and accelerated the computing by using graphics hardware.
Chen and Wong [38], [39] proposed a method for auto


