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Fig. 10. Dripping patterns. When using a larger , our particle redistribu-
tion approach can more effectively avoid tensile instability and preserve
thin features as shown in (e).

internal friction angle ¢ to zero. We enforce incompress-
ibility by applying position-based density constraints on
particles as did in [30] and implement an implicit version
of the viscous force [38]. In addition, we need to redistribute
particles to avoid tensile instability, which is a common
problem in particle-based fluid simulation [39]. One possible
solution is to re-sample materials with particles as [40].
However, re-sampling without losing the total mass is never
an easy task to do. In smoothed particle hydrodynamics
(SPH), researchers [41], [42] pointed out that particle redis-
tribution can be considered as minimizing krpk 2. So we
propose to formulate it as a positional constraint as well
and enforce it in a position-based way. Here we define the
particle distribution constraint on the i-th particle as:

Ci =kr ipk? =0, 1)

inwhichr jp=m pri Wi , m is the particle mass, and W
is the Spiky kernel function under the SPH framework [38].
According to [30], we calculate the moving distance in one
Newton iteration as:

C.
n=p— (22)
kr 1CGik™+¢
I
where ¢ is a relaxation variable and r |C; is:
o ririp rip, ifl=yq,
rICI_ r jrip ripv lfl:]7 (23)

Given 73, we can then update the position of particle ¢ by:
Ti 1+ 7

X

Yi  Yi+o (24)
J

in which § 2 [0, 1] controls the strength of particle redistri-
bution. We typically take 3 10 iterations with Equation 24
to get a good particle distribution according to the average
error. Figure 10 demonstrates the effect of different § on
the dripping pattern of a viscoelastic fluid. It shows that
by using a larger ¢, particle redistribution can preserve thin
features better. To model the sticking behavior of the fluid to
the top ceiling, we seed ghost particles near the boundary
of the top ceiling and treat them similarly as those fluid
particles, except that the positions of ghost particles keep
fixed during the whole simulation.

I"iI/Vij7

7 SIMULATION OF GRANULAR MATERIALS

Unlike homogeneous materials, granular materials, such as
sand and snow, can exhibit complex deformation behav-
iors under different moisture, temperature, or granularity

(a) #=0:01 (b) #=0:1

Fig. 11. The wet sand example. By adjusting the water saturation coef-
ficient to control the magnitude of the cohesion stiffness, our simulator
can animate wet sands with different cohesion effects.

(a) Without our static friction mod- (b) With our static friction model
el

Fig. 12. The 2D dry sand example. Applying frictional stiffness alone
cannot help the simulator get dry sands piled up properly as shown in
(a). Fortunately, our static friction model solves this problem as shown in
(b). Both are solved by 5 Jacobi iterations with Chebyshev acceleration.

conditions [43]. In this section, we will discuss common
characteristics of granular materials and how to achieve
their effects by our simulation method.

7.1 Cohesion and Friction Stiffness

When we simulate granular materials, we no longer use
constant Lamé parameters. Instead, we split them into the
sum of a friction stiffness kt and a cohesion stiffness k¢, e.g.,
A = k¢ + k. Similar to [21], we define the friction stiffness
as a function of the particle density p:

Kfer(= 0l) ,

if p2 [po,+1),
W)= g b ot

otherwise, (25)

in which pg is the reference density, K is a reference friction,
and H is the hardening coefficient. Intuitively, Equation 25
means if the granular density is lower than the reference
density, the friction force should disappear. This treatment
is based on the fact that friction forces can occur only when
particles are in close contact.

Cohesion forces in wet granular materials are caused by
liquid capillary bridges among adjacent grains [43]. Since
it is difficult to integrate this theoretical concept into the
development of our simulator, we propose to build an
empirical relationship between the cohesion stiffness k¢ and
the particle density p. Inspired by the exponential capillary
force model [§4], we define the cohesion stiffness k as:

< K, if p 2 [po,+1),
ke(p) =, KceMe@ = 0 if p2 [p1, po), (26)
0, otherwise.

where K¢ is the reference cohesion, H¢ is an exponential
falloff coefficient, and p; is the debonding density. In our
simulation, we define H; and p; as:

H.=Ho9t =2, pr=(1 b0)po, (27)
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Fig. 13. The piled dry sand example. Our simulator uses the internal friction angle to control how tall dry sands can get piled up.

(b) Sand at rest

Fig. 14. The colliding sand example. Our static friction model does not
cause sticky artifacts, as this example shows.

(a) Colliding sands

in which 9 is the water saturation, Hy is the reference
coefficient value, and b is a scaling variable typically set to
1. Figure 11 illustrates cohesion effects in the simulation of
wet sands, when using different water saturation ¢ values.

7.2 Static Friction

The iterative nature of our projective simulator allows us
to recalculate the stiffness k¢ in every iteration. However,
if not using a large number of iterations, it is difficult to
achieve static friction among dry sands as did in [45], which
solved a linear complementarity problem under unilateral
constraints. In fact, even if we use 100 iterations, dry sands
still cannot stack on each other as our experiment shows. To
address this issue, we propose to simply check if the friction
force is strong enough to push particle ¢ back:

I T I T R T i
where 7 is a static friction coefficient typically set to 0.8 in
our experiment. If the condition in Equation 28 is satisfied,
we assume static friction happens and we set yiHl =yl By
using this method, our simulator can effectively address the
sliding issue under static friction as shown in Figure 12b. We
note that although this method tries to eliminate the relative
motion between two particles, it does not cause particles
to be mutually locked as sticky artifacts, as the colliding
example shown in Figure 14.

(28)

8 RESULTS AND DISCUSSIONS

We implemented our system and test our examples on an
Intel Core i7-2600 3.4GHz processor. We use the OpenMP
library to parallelize the system and the Eigen library for
direct linear solve. For rendering viscoelastic fluids, we use
the particle skinning method [46] to reconstruct the fluid
surface mesh. Table 1 summarizes the statistics and the
timings of our examples.

Fig. 15. The falling sand example. This high-resolution example demon-
strates the ability of our simulation system in generating interesting
cracking patterns during the sand falling process.

Implementation. During our implementation, we use the
Z-index sort method [47] to renew particle neighborhoods,
every time particle positions get changed. In our exper-
iment, a neighborhood contains 30 neighbors. Depending
on the type of the material, the simulator selects and runs
any combination of three simulation components: elasticity,
plasticity, and particle redistribution. The convergence cri-
teria in our simulation uses both the residual error and the
maximum number of iterations. The system offers different
options for solving the global linear system, as described in
Subsection 4.2.

We implement both slip and no-slip solid boundary condi-
tions. To model slip boundary conditions, we simply project
particles out of the solids. To model no-slip boundary con-
ditions, we sample ghost particles around solid boundaries
as in [48] and simulate them together with other particles,
except that their positions are never updated. We typically
impose a non-slip boundary condition on the ground floor,
and slip boundary conditions on the rest of the solids.

To prevent particles from getting too close to each other,
we apply a repulsive distance constraint as in [31]. Nearby
particles can be easily detected from the particle neighbor-
hood renewed at the beginning of each time step. We note
that the renewed particle neighborhood should not cause
the reference position vector state to be updated, if the
deformation is elastic only.

An important strength of our method is that it is highly
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Name | #Particles h (s) th (ms) t (ms) td (ms) tp (ms) te (ms) tsum (ms)
Bunny (Figure 3) 25K 1/30 - - - - 36.2 41.1
Armadillo (Figure 4) 29K 1/30 - - - - 442 49.5
Honey (Figure 8) 72K 1/250 34.0 26.9 324 49 24.0 125.4
Two bunnies (Figure 9) 54K 1/250 - 22.1 - 41 23.7 53.6
Dry sand (Figure 14) | 1,177K 1/500 481.0 340.2 - 81.7 124.5 1081.7
Wet sand (Figure 15) | 1,325K 1/500 491.0 395.5 - 425 390.5 1492.3
Dambreak (Figure 16) 312K 1/500 127.1 122.5 - 19.3 118.2 412.0
Dripping (Figure 17) 564K 1/250 221.9 211.0 253.1 38.2 233.0 982.2
Coupling (Figure 18) 49K 1/1000 19.2 21.5 17.6 3.1 20.2 85.7
Dress (Figure 19) 25K 1/250 9.8 9.4 11.3 1.9 10.5 43.8
TABLE 1

Statistics and timings of our examples, The timings include the neighborhood update cost tp, the particle redistribution cost tq, the incompressibly
enforcement cost t , the elastic solver cost te, the plastic solver cost tp, and the total cost per time step tsum Note that '-” means the corresponding
part is not solved.

Fig. 16. The dambreak example. This example shows the interaction between a viscous liquid and wet sands.

@ =0 by =05

Fig. 17. Another dripping example. This example demonstrates how a
bulk of viscoelastic material drips differently under the gravity with a
different value of .

\

Fig. 18. The liquid-cloth coupling example. Our method can uniformly
model the interaction between a cloth and a viscoelastic fluid.

-

compatible with GPU acceleration. Our fluid simulation
component, built upon the position-based framework, can
be easily implemented on the GPU. Although the elastic
simulation component needs to solve a linear system, it can
be implemented using the Jacobi+Chebyshev method on the
GPU as well, as suggested by Wang [34]. We expect to see a
significant performance gain, once we transfer our simulator
to the GPU in the near future.

Examples. Our examples demonstrate that the simulator

can effectively simulate a variety of elastoplastic materials.
Figure 13 shows the use of the internal friction angle to
control how tall dry sands can be piled up. Figure 15 reveals
the ability of our simulator in handling a large number
of particles and producing interesting cracking patterns as
sands fall. Figure 17 shows that the simulator can success-
fully present different behaviors of viscoelastic fluids by
adjusting the value of 4.

As a unified system, our meshless simulator can easily
model the interaction of different materials. For example,
Figure 16 demonstrates the interaction between a viscous
liquid and wet sands. In this example, we only solve elas-
ticity and plasticity for wet sands while solve incompress-
ibility for both materials. Figure 18 models the process of
an viscoelastic fluid falling onto a cloth. To prevent fluid
particles from entering the other side of the cloth, we take
an extra step to correct the positions of fluid particles by
checking the relative position of the fluid particles and the
cloth. Besides, our meshless simulator can easily handle the
transition among different material properties as well. The
bottom part of a dress shown in Figure 19a can be simulated
as a viscoelastic fluid first, and then as an elastic thin shell
again after solidification.

Limitations. The projective nature of our simulator requires
it to define the elastic constitutive model in a specific for-
m. This limits its ability in handling generic hyperelastic
constitutive models under the classical elasticity theory, as
in [10]. This also means the connection between existing
viscoelastic models and the viscoelastic fluids animated by
our simulator is not straightforward. Currently, we use the
particle redistribution process to achieve the surface tension
effect, which cannot be controlled separately. A potential
solution to this problem is to add ghost air particles outside
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(b) After simulation

(a) Before simulation

Fig. 19. The dress example. Our simulator can simultaneously animate
the top part of the dress as an elastic shell and the bottom part as a
viscoelastic fluid .

of the free surface, for guiding particle redistribution only.
Our current system does not allow bending stiffness to be
controlled separately from twisting stiffness of a rod as well.
Although the system can robustly handle very large time
steps, such as h = 1/30s, it is usually not preferred to
do so, due to the resulting artificial damping, erroneous
friction, or tensile instability issues. Finally, current state-
of-art surface reconstruction methods have difficulties in re-
constructing thin features, such as filaments. To reconstruct
these features, we applied a post-processing to shrink the
mesh surface after reconstruction, which might cause some
volume-loss artifacts in certain examples.

9 CONCLUSIONS AND FUTURE WORK

In this paper, we demonstrate that the idea of peridynamics
and projective dynamics can be combined together to form
a novel simulation technique for unified particle simulation
of many elastoplastic materials, including granular material
behaviors. This technique is efficient and robust against
large deformations and time steps. But just like the original
projective dynamics technique, it is restricted by the types
of the materials it can handle.

The first thing listed in our future plan is to develop and test
our simulator on the GPU. We then would like to explore the
generalization of our constitutive model, to make it suitable
for producing more hyperelastic and viscoelastic material
behaviors. Currently, our elastic simulation component is
designed in a projective dynamics way, while our fluid
simulation component is designed in a position-based way.
So it will be interesting to know whether the algorithm
structure can be formulated in a more uniform style.
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